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YOUR COURSE
Algebra is the mathematical language used to interpret and
represent patterns in numbers by using variables, expressions,
and equations. This definition probably isn’t what you think
of when you hear the word algebra. Like many others, you
may think that algebra problems can’t really be applied to
real-world situations. However, algebra is actually an essen-
tial tool used in business, science, and computer technology.

Throughout this course, you’ll be introduced to algebraic
concepts, along with real-world application problems from a
variety of different fields. Besides providing a springboard to the
discovery of underlying mathematical properties, these appli-
cations illustrate the importance of mathematics in your world.

If this isn’t reason enough to study algebra, think about this
idea: Algebra is an excellent mental exercise. By understanding
mathematical relationships and learning to apply them appro-
priately, your mind will be better suited for decision making
and creative problem solving. People who have a solid under-
standing of algebra can generally expect to excel in college
and in their jobs.

OBJECTIVES
When you complete this course, you’ll be able to

n Define the term real number system and explain the
properties of real numbers

n Work with numbers in scientific notation

n Solve equations

n Graph linear equations and nonlinear functions

n Determine the equation of a line with a given slope

n Find the domains and ranges of functions

n Solve problems involving inequalities

n Work with equations containing absolute values

n Graph linear and compound inequalities
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n Add, subtract, multiply, divide, and factor polynomials

n Find the greatest common factor of a polynomial

n Solve equations by factoring

n Simplify rational expressions

n Multiply, divide, add, and subtract rational expressions

COURSE MATERIALS

This course includes the following materials:

1. This study guide, which contains an introduction to your
course, plus

n A lesson assignments page with a schedule of study
assignments

n Assignment introductions that emphasize and clarify
the main points in the textbook

n Assigned self-checks from your textbook to help you
assess your understanding of the material

2. Your course textbook, Algebra for College Students,
which contains the assignment reading material, self-
checks and answers to the self-checks

KNOW YOUR TEXTBOOK

The textbook for this course is Algebra for College Students,
Seventh Edition, by R. David Gustafson and Peter D. Frisk.
Let’s take a quick look at the way the book is arranged.

Contents. On pages v–ix is a contents section that lists the
titles and subheadings of each chapter. At the end of the
contents is a list of the appendices that accompany the text-
book. For this course, you’ll be responsible for Chapters 1–7.
Take some time to review the contents for these chapters so
you’ll have a good idea of what you’ll be studying throughout
this course.

Instructions to Students2



Preface. Pages xi–xxi include information for both instruc-
tors and students. Before you begin your studies, read “To
the Student” on pages xvi–xviii. Although this information is
geared to a student in a traditional classroom, you should
benefit from some of the suggestions.

Study material. The actual study material begins on 
page 1. Each chapter is arranged in the same way. On the
first page is a list of the chapter sections. Before you begin
any chapter, quickly read this list to see what’s coming up 
for you. Each section is organized in the following manner:

n Each section begins with a list of topics covered.

n After the list of topics is a “Getting Ready” section that
prepares you for what you’re going to study.

n Next comes the actual study material, which is presented
in a clear, step-by-step manner. It includes many figures
to illustrate the information being presented. The shaded
boxes contain important definitions, rules, and symbols.

n Scattered throughout the study material are “Self Checks.”
For example, page 5 of your textbook includes two such
checks. As you read and study the information in each
assignment, stop and complete these checks. Answers to
the self-checks are given at the end of each section (for
example, see page 11).

n At the end of each section are exercises to help you
review the material you’ve just studied. You’ll be
assigned specific problems from these exercises.

n At the end of each chapter is a “Chapter Summary.” Use
this information to review what you’ve just studied.

n Following the last chapter are several appendices.
Appendix 3 contains the answers to the exercise prob-
lems assigned in this study guide’s self-checks.

n Finally, at the very end of the textbook is an index,
which alphabetically lists topics covered in the textbook.
Use this index to locate specific information you want to
study or review.

Instructions to Students 3



KNOW YOUR STUDY GUIDE

This study guide includes five lessons, covering seven 
separate chapters in the textbook. Each lesson is divided 
into a number of assignments. Each assignment covers a
complete section in a chapter. At the end of each assignment
is a self-check that reviews the material you’ve just studied.
These self-checks are for your benefit only. Don’t submit the
answers to the school for grading.

After you complete each lesson, you’ll take an examination.

A STUDY PLAN

Everyone has his or her own style of learning. The object is 
to find the method of learning that works best for you. What
follows is a suggested format for using this study guide along
with the textbook. This plan is only a suggestion. If you find
that another method helps you learn more effectively, by all
means use that method.

1. Note the pages for each assignment.

2. Scan the assigned pages in the textbook. Note the head-
ings and figures. Write down questions to yourself in the
margin of the textbook or on a separate sheet of paper.

3. Carefully read through the material in both the textbook
and this study guide. The information presented in this
guide serves to clarify and give extra examples of the
material in the textbook.

4. As you study the textbook material, stop at each “Self
Check” problem and complete it. Check your answers
with those given in the textbook at the end of the section.

5. When you finish the material for one assignment, com-
plete the problems assigned in the self-checks in this
study guide. The answers to these problems are given in
Appendix 3 at the back of your textbook.

6. When you feel confident that you’ve mastered the material
in one assignment, proceed to the next one and complete
it in the same manner.

Instructions to Students4



7. When you complete all of the assignments in the first
lesson, review the material and complete the examination
for that lesson.

8. Repeat steps 1–7 for each of the five lessons in this
course.

You’re now ready to begin Lesson 1, Assignment 1. Good 
luck with your studies, and remember that your instructor 
is available to help you.

Instructions to Students 5
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enhance your learning experience.
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Lesson 1: A Review of Basic Algebra; Graphs,

Equations of Lines, and Functions

For: Read in the Read in 
study guide: the textbook:

Assignment 1 Pages 11–14 Pages 1–11

Assignment 2 Pages 14–22 Pages 13–23

Assignment 3 Pages 23–26 Pages 27–35

Assignment 4 Pages 26–28 Pages 39–43

Assignment 5 Pages 28–34 Pages 46–54

Assignment 6 Pages 34–37 Pages 57–63

Assignment 7 Pages 37–42 Pages 83–95

Assignment 8 Pages 43–47 Pages 99–106

Assignment 9 Pages 48–53 Pages 109–118

Assignment 10 Pages 53–58 Pages 122–129

Assignment 11 Pages 58–62 Pages 132–140

Examination 050290   Material from Lesson 1

Lesson 2: Systems of Equations; Inequalities

For: Read in the Read in 
study guide: the textbook:

Assignment 12 Pages 63–66 Pages 151–157

Assignment 13 Pages 66–72 Pages 160–171

Assignment 14 Pages 72–75 Pages 175–182

Assignment 15 Pages 75–80 Pages 185–192

Assignment 16 Pages 81–84 Pages 194–201

Assignment 17 Pages 85–90 Pages 208–217

Assignment 18 Pages 91–93 Pages 221–230

Assignment 19 Pages 94–96 Pages 234–238

Assignment 20 Pages 96–97 Pages 242–245

Examination 050291   Material from Lesson 2
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Lesson 3: Polynomials and Polynomial Functions

For: Read in the Read in 
study guide: the textbook:

Assignment 21 Pages 99–101 Pages 265–272 

Assignment 22 Pages 102–103 Pages 275–278

Assignment 23 Pages 104–110 Pages 280–287

Assignment 24 Pages 110–113 Pages 291–297

Assignment 25 Pages 113–117 Pages 300–305

Assignment 26 Pages 117–121 Pages 308–316

Assignment 27 Pages 121–123 Pages 323–328

Examination 050292   Material from Lesson 3

Lesson 4: Rational Expressions

For: Read in the Read in 
study guide: the textbook:

Assignment 28 Pages 125–129 Pages 339–348 

Assignment 29 Pages 129–133 Pages 352–360

Assignment 30 Pages 133–136 Pages 365–371

Assignment 31 Pages 137–139 Pages 373–380

Assignment 32 Pages 139–142 Pages 383–390

Assignment 33 Pages 142–144 Pages 393–399

Assignment 34 Pages 144–146 Pages 403–407 

Examination 050293   Material from Lesson 4
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Lesson Assignments 9

Lesson 5: Radicals and Rational Exponents

For: Read in the Read in 
study guide: the textbook:

Assignment 35 Pages 147–151 Pages 418–428

Assignment 36 Pages 152–154 Pages 431–435

Assignment 37 Pages 154–157 Pages 438–444

Assignment 38 Pages 157–161 Pages 446–454

Assignment 39 Pages 162–166 Pages 456–462

Assignment 40 Pages 167–168 Pages 464–470

Assignment 41 Pages 169–172 Pages 473–481

Examination 050294   Material from Lesson 5

Note:  To access and complete any of the examinations for this study guide,
click on the appropriate Take Exam icon on your “My Courses” page. You
shouldn’t have to enter the examination numbers. These numbers are for 
reference only if you have reason to contact Student Services.
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A Review of Basic Algebra;
Graphs, Equations of Lines, 
and Functions

ASSIGNMENT 1: THE REAL 
NUMBER SYSTEM
Read this assignment. Then read pages 1–11 in your textbook,
Algebra for College Students. Complete the “Self Checks” as
you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

Assignment 1 discusses terminology and basic concepts
regarding the real number system. You were probably first
introduced to these concepts in primary school. They’re 
some of the basic foundation principles of mathematics.

Sets of Numbers

A set includes a collection of values called elements. It’s 
signified by braces {  }. A set can consist of a wide array of
elements, depending on the situation the set represents. Your
textbook explains three sets of numbers commonly used in
algebra: natural numbers, whole numbers, and integers.
Carefully study the definitions for these terms (page 3). You’ll
encounter them throughout this course.

Once you feel comfortable with these three definitions, study
prime numbers, composite numbers, even and odd integers,
rational numbers, irrational numbers, and real numbers
(pages 3–7).

Prime numbers are those that have exactly two divisors, or
factors—the number itself and the number 1. For example,
the number 3 is a prime number. The only values that will
divide evenly into 3 (that is, with a remainder of 0) are 1 
and 3. Composite numbers are those that have more than 
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Intermediate Algebra12

two divisors. The number 4 is a composite number. The 
values 1, 2, and 4 divide evenly into 4. There are an infinite
number of prime and composite values.

Integers can be either odd or even. Simply put, even integers
are divisible by 2; odd integers aren’t divisible by 2. For
example –12 is an even integer because it’s evenly divisible by
2 (–12 � 2 = –6); 17 is an odd integer because it isn’t evenly
divisible by 2 (17 � 2 = 8.5).

A rational number is one that can be written as a fraction. It
has two possibilities. First, a rational number is a number
with a terminating decimal (that is, the decimal eventually
comes to an end). For example, the fraction 1/4 is a rational
number, because its decimal equivalent eventually comes to
an end (1/4 = 0.25). The number 5 is also a rational number.
It can be written as a fraction (5/1), and it has a terminating
decimal (5.0). Second, a rational number may also be a frac-
tion with a nonterminating decimal (that is, one that doesn’t
come to an end), but that nonterminating decimal must have
a repeating pattern. For example, the fraction 1/3 is a rational
number because it has a nonterminating decimal with a
repeating pattern (1/3 = 0.3333. . .). The fraction 1/9 is also 
a rational number (1/9 = 0.1111. . .).

An irrational number is one that can’t be written as a fraction.
It’s a nonterminating decimal that has no repeating pattern.
Some examples of irrational numbers are given on page 6 of
your textbook.

The set of real numbers includes all of these other numbers
(prime, composite, even, odd, rational, and irrational num-
bers). It encompasses numbers with terminating decimals,
repeating decimals, nonterminating decimals, and nonrepeat-
ing decimals.

A real number can be positive (+), negative (–), or neutral (0).
The more positive a value is, the larger in value it’s consid-
ered as compared to other values that aren’t as positive. The
more negative a value is, the smaller it’s considered as com-
pared to other values that are less negative. A good way to
visualize these ideas is by using the real number line. (See
page 3 in your textbook.)

The best way to deter-
mine if a number is
rational or irrational 
is to observe it in its
decimal form.
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A number line has a positive side and a negative side, which
are separated by the value 0. All real numbers to the left of 0
are negative; all real numbers to the right of 0 are positive.
Zero has no sign. It’s considered neutral.

Graphs of Real Numbers

Two methods are used to present results in mathematics: set
builder notation and interval notation. Here’s an example of
set builder notation (page 4):

{ x|x > 2 } 

You would read this as “x such that x is greater than two.”

Here’s an example of interval notation:

(2, �)

This particular notation includes all real numbers greater
than 2. This type of notation is usually accompanied by a
graphical representation on a real number line. Pages 7–10 in
your textbook give a number of examples of interval notation.

Absolute Value of a Number

The absolute value of a number has to do with its distance
from 0 on the real number line. The absolute value of a 
number is positive, except for the absolute value of 0. The
absolute value of 0 is 0, which has no a sign. The symbol
representing absolute value is | |. Here’s an example of how
absolute value is written:

|3|= 3      |–3|= 3

The absolute value of 3 equals 3, because 3 is three units
from 0 on the real number line. The absolute value of –3 is
equal to 3, because –3 is also three units from 0 on the 
number line.
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ASSIGNMENT 2: ARITHMETIC
AND PROPERTIES OF REAL 
NUMBERS
Read this assignment. Then read pages 13–23 in your textbook,
Algebra for College Students. Complete the “Self Checks” as
you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

You’re now going to review topics that you’ve surely thought
about and worked with before today. You’re going to be
focusing on the arithmetic operations of addition, subtrac-
tion, multiplication, and division. Addition and multiplication
are directly related, as are subtraction and division.

In this assignment, you’ll also examine (1) ideas regarding
the central tendency of a group of values, (2) methods used
to evaluate algebraic expressions, and (3) important proper-
ties that will help you better understand real numbers. All of

Self-Check 1

At the end of each section of Intermediate Algebra, you’ll be asked to pause and check
your understanding of what you’ve just read by completing a “Self-Check” exercise.
Answering these questions will help you review what you’ve studied so far. Please com-
plete Self-Check 1 now.

Reinforce and practice what you’ve just learned by working on problems 3, 7, 11, 41, 51, 65, 73, 81,
and 83 on pages 11–12 in your textbook. Check your answers with those given at the back of your
textbook. If you find a mistake, analyze your work and review the related material in this study 
guide and in your textbook.
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these concepts are building blocks to more involved concepts
you’ll study later. They can also stand on their own as useful
methods for navigating through the world of numbers in your
everyday life.

Adding and Subtracting Real Numbers
When you combine two like terms and those terms have the
same sign, you should add the values and take that common
sign for the resultant sum. If you add two positive terms, the
result will be a larger positive value. Here’s an example:

5 + 3 = 8

The value 8 is a larger positive value than either 5 or 3.

If you add two negative terms, the result will be a smaller
negative value. Here’s an example:

–4 + (–3) = –7

The value –7 is a smaller negative value than either –4 or –3.

When you combine two like terms and those terms have dif-
ferent signs, you should subtract the smaller absolute value
from the larger absolute value and then take the sign of the
larger number for your resultant difference.

8 – 12 = –4

Subtract 8 from 12 since the absolute value of 8 is the smaller
value. The difference, 4, is negative because the sign of the
larger value, 12, is negative.

Multiplying and Dividing Real Numbers
When you multiply terms, the result you achieve is called the
product. The terms themselves are called factors. The signs of
the factors are important. When two factors have the same sign
(that is, both are positive or both are negative), their product will
be positive. When two factors have different signs (that is, one is
negative and one is positive), their product will be negative.
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If you have more than two terms, use this guideline to deter-
mine the sign of the product: If you have an odd number of
negative factors, your product will be negative; if you have an
even number of negative factors, your product will be posi-
tive. Here are a few of examples:

–2 � 4 = –8 1 � –2 � –4 � 3 � –1 = –24

–3 � –5 = 15 2 � –1 � –3 � 3 � 1 = 18

Another important concept deals with multiplication by 0.
When you multiply a term by 0, your product will always 
be 0.

The division of two values involves a dividend, or numerator,
and a divisor, or denominator, depending on the form in
which the problem is presented. The result of division is
called the quotient. Your text presents division problems as
fractions; therefore, you’ll be working with the numerator (top
value) being divided by the denominator (bottom value).

Signs in division problems work the same as signs in multi-
plication problems. When you divide two terms with the same
sign (that is, both are positive or both are negative), your
quotient will be positive. When you divide two terms with dif-
ferent signs (that is, one is positive and one is negative), your
quotient will be negative. Here are a couple of examples:

Order of Operations

If a math problem has more than one operation, you must
make sure that you perform the operations in the correct
order. Otherwise, your answer will be incorrect. To avoid con-
fusion in such problems, mathematicians have agreed on a

− −12
3

= 4

−
−
12
3

= 4
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specific order of operations. The phrase Please Excuse My
Dear Aunt Sally is one way you can remember the prescribed
order. The first letter in each of the words in that phrase
(PEMDAS) corresponds to a mathematical element:

P = Parentheses

E = Exponents

M = Multiplication

D = Division

A = Addition

S = Subtraction

Let’s see how PEMDAS works.

1. Simplify expressions inside the signs of grouping (paren-
theses, brackets, and braces).

2. Expand any terms raised to exponential values other
than 1.

3. Perform all multiplication and division working from left
to right.

4. Perform all addition and subtraction working from left to
right.

Let’s apply those rules to this example:

–1(2 + 14 � 7) – 32 � 9 + 5

1. Set up the problem.

–1(2 + 14 � 7) – 32 � 9 + 5

2. Simplify expressions inside the signs of grouping.

–1(2 + 2) – 32 � 9 + 5

–1(4) – 32 � 9 + 5

2. Expand any terms raised to exponential values other
than 1.

–1(4) – 9 � 9 + 5 =

3. Perform all multiplication and division working from left
to right.

–4 – 1 + 5
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4. Perform all addition and subtraction working from left 
to right.

–5 + 5 = 0

Measures of Central Tendency

The term measures of central tendency refers to three types of
averages: the mean, the median, and the mode of a group of
values. Central tendency is another way of saying average in
many professions. Each average will give you a different angle
on the central tendency of a group of values being analyzed.
Let’s talk about each more specifically. 

To find the mean, add all of the values in the group. Then,
divide that sum by the number of values in the group. This
value is what most people associate with the term average.

Here’s an example. Find the mean of the values 5, 2, 3, 4,
and 1.

1. Add the values together.

5 + 2 + 3 + 4 + 1 = 15

2. Divide the sum (15) by the number of values in the
group (5).

15 � 5 = 3

Therefore, the central tendency, or mean, of this group is 3.

The median of a group of values refers to position—the mid-
dle position to be exact. To find the median, first arrange all
of your values in order—either from highest to lowest or from
lowest to highest. Then, find the value that has the same
number of values to its left as it does to its right. This value
is the median value.

Here’s an example. Find the median of the values 12, 14, 18,
10, and 9.

1. Arrange the values in ascending (or descending) order.

9, 10, 12, 14, 18

2. Identify the value that has the same number of values to
its left and its right. The value 12 is the median because
it has two values to its left and two to its right.
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This procedure works if the number of values in the group 
is odd. If the number of values is even, use the following 
procedure.

Find the median of the values 12, 14, 18, 10, 9, and 20.

1. Arrange the values in ascending (or descending) order.

9, 10, 12, 14, 18, 20

2. Since there’s no middle value, find the mean of the two
middle values (in this case, 12 and 14).

a. To find the mean of 12 and 14, first add the numbers
together.

12 + 14 = 26

b. Divide the sum (26) by the number of values in the
group (2).

26 � 2 = 13

The mean of 12 and 14 is 13, which is also the median of
this group of numbers.

To find the mode, first list all of the values as you would do
to find the median. Then, study the group and identify the
value that occurs most often. A group of numbers can have
more than one mode, or it may have no mode. If two or more
values occur the same number of times in a group, then all
of those values could be considered the mode. If no value is
represented more than once, then the group has no mode.

Here’s an example. Find the mode of the values 4, 4, 4, 2, 5,
6, 3, and 3.

1. Arrange the values in ascending (or descending) order.

2, 3, 3, 4, 4, 4, 5, 6

2. Identify the value that occurs most often. In this case, 4
is the mode of the group because it occurs more often
than any other number.

Evaluating Algebraic Expressions

When you’re directed to evaluate an algebraic expression,
you’re being asked to do a relatively simple task. In such a
case, you’re given an algebraic expression, along with the
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value of each variable in that expression. You need to replace
each variable with the given numerical value and then do the
arithmetic to find your result.

Here’s an example. Evaluate the expression 3a – 2(a + b)
where a = 2 and b = –4.

1. Set up the problem.

3a – 2(a + b)

2. Substitute 2 for a and –4 for b.

3(2) – 2[2 + (–4)].

3. Perform the arithmetic, following the order of operations.

6 – 2[2 – 4]

= 6 – 2(–2)

= 6 + 4

= 10

Properties of Real Numbers

The three main properties of real numbers are

n The associative property for addition and multiplication

n The commutative property for addition and 
multiplication

n The distributive property

Notice that the associative and commutative properties apply
only to addition and multiplication.

Associative Property

The associative property has to do with the way in which
terms are grouped in an expression with signs of grouping
(that is, parentheses, brackets, and braces). Simply put, no
matter how you group (associate) the terms being added or
multiplied, the result will be the same.

Here’s an example:

(6 + 8) + 2 = (14) + 2 = 16
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If you change the grouping of these terms, you arrive at the
same result.

6 + (8 + 2) = 6 + (10) = 16

Commutative Property

The commutative property has to do with the position of the
terms in the expression. If you change the position of the
terms being added or multiplied, the result will be the same.

Here’s an example:

4 � 5 � 3 = 20 � 3 = 60

If you change the position of these terms, you arrive at the
same result.

3 � 4 � 5 = 12 � 5 = 60

Distributive Property

The distributive property is related to multiplication over an
addition or a subtraction. For example, suppose you have
two terms inside parentheses and these terms are either
added or subtracted—for example, (12 + 3). Also, this expres-
sion within the parentheses is multiplied by another value
like this: 3(12 + 3). The distributive property states that you
can distribute (multiply) the value outside the parentheses by
each of the values within the parentheses. 

Here are two examples:

1. 3(12 + 3) = 3(12) + 3(3) = 36 + 9 = 45

2. 3(2a + 5b) = 3(2a) + 3(5b) = 6a + 15b

Other Properties of Real Numbers

Pages 22–23 in your textbook discuss several other properties
of real numbers. Don’t look on these properties as something
you just have to learn to get by in this course. Think about
how you can use them when you’re working with real 
numbers.
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Consider the multiplication property of 0, which says that 
the product of any number and 0 is 0. Therefore, 7 � 0 = 0,
22 � 0 = 0, and 1,625 � 0 = 0. Now, consider this situation.
You have a group of numbers to be multiplied and one of the
numbers is 0. You should immediately know that the answer
is 0. For example, suppose you have to multiply the numbers
29, 37, 82, 0, 195, and 15. Because of the 0, you know that
the final answer is 0. You don’t have to multiply all of the
other numbers to come up with an answer.

Here’s another example. The multiplicative inverse property
says that every nonzero real number (a) multiplied by its
inverse (that is, 1 over the real number, or 1/a) equals 1. No
matter how complex the number becomes, the multiplicative
inverse property still holds true. Therefore,

16 � = 1

and

(x + 2y – 3z) � = 1

Carefully read the properties on pages 22–23 and think about
how you can apply them to practical situations.

1
2 3( )x y z+ −

1
16

Self-Check 2

Reinforce and practice what you’ve just learned by working on problems 21, 37, 43, 47, 61, 69, 73,
75, 81, 83, and 93 on pages 24–25 of your textbook. Check your answers with those given at the
back of your textbook. If you find a mistake, analyze your work and review the related material in
this study guide and in your textbook.
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ASSIGNMENT 3: EXPONENTS
Read this assignment. Then read pages 27–35 in your textbook,
Algebra for College Students. Complete the “Self Checks” as
you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

You’re now going to enter the intriguing and very important
world of exponents. You’ll begin with some basic concepts
and terminology that will help you better perform more
advanced operations later.

Terminology

An exponent is a superscript following a number. It indicates
the number of times the number is used as a factor. For
example, in the expression y2, the number 2 is an exponent,
also called the power. The y is called the base. Since the
exponent indicates the number of times the base is a factor
within a multiplication, the expression y2 tells you that the
value y should occur two times as a factor. Here are some
examples:

y2 = y � y

32 = 3 � 3 = 9

23 = 2 � 2 � 2 = 8

44 = 4 � 4 � 4 � 4 = 256

Properties of Exponents

In this section, you’ll study the product and power rules of
exponents.

Product rule of exponents. Simply put, the product rule of
exponents states that when you multiply like bases, you add
the exponents of those bases.
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Here’s an example:

a3a4 = a3 + 4 = a7

In this multiplication example, the bases (a) are the same.
Therefore, to perform the multiplication, you simply add the
exponents together.

Power rule of exponents. The power rule of exponents
deals with a base raised to a power inside a quantity that’s
also raised to a power. An example is (x3)5. To solve this
expression, multiply the two exponents.

(x3)5 = x3 � 5 = x15

Zero Exponents

Any base raised to the 0 power is equal to 1. The only excep-
tion to this rule is 00. If the base itself is 0 and the exponent
is 0, the result is undefined. Here are a few examples:

1440 = 1

(–8)0 = 1

00 = undefined

z0 = 1, assuming z � 0

Negative Exponents

Sometimes a base may be raised to a negative power. Before
you can simplify such an expression, you must first change
the exponent to a positive exponent. To do this, you must
move the base—either from the numerator to the denomina-
tor or from the denominator to the numerator. This move
changes the sign of the exponent. After you make these
changes and you have a positive exponent, then you can 
simplify the expression involved.

Here are a few examples:

2 2
1

1
2

1
2 2 2

1
8

3
3

3
−

−

•
= = = =

•

If an expression doesn’t
indicate a denominator,
the denominator is
assumed to be 1.
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In this example, you begin with the expression 2–3, which is
the same as 2–3/1. To change the negative exponent to a posi-
tive one, move the expression 2–3 to the denominator and
change the sign. You can then perform exponential expansion
to determine the value 1/8.

Here’s a second example:

In this example, the negative exponent is in the denominator.
To make it positive, move it to the numerator and change the
sign.

Here’s a final example:

Multiplying with Negative Exponents

Now, let’s examine how to multiply like bases that include
negative exponents. To do this, simply add the exponents as
you’ve already learned. Then, make sure your final answer
represents all its terms with positive exponents.

Here’s an example:

z3 � z –4 = z3 + (–4) = z –1 = 

To multiply z3 � z –4, you simply add the exponents [3 + (–4) = –1].
To remove the negative sign from the result of z –1, move the
expression to the denominator and change the sign. The
product is 1/z1, or 1/z.

Dividing with Negative Exponents

As you’ve already learned, to divide like bases with expo-
nents, you simply subtract the exponents and then simplify
the result. You’re now going to see how this process works
when you have a negative exponent. Here’s an example:

5
3

5
3

2

2

a
a

−

=

1
2

2 2 2 2 83
3

− •= = =•

1
1z

2
2

2 2 1
2

1
16

2

2
2 2 4

4

−
− − −= = = =( )
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In this example, you perform the division by subtracting the
exponents (–2 – 2 = –4). Since the resulting exponent is nega-
tive, you must move the expression to the denominator and
change the sign. You can then simplify the result.

If you have a fraction inside a quantity and that quantity is
raised to a negative power, you can employ one step to make
that exponent positive. Simply invert the fraction. This will
change the sign of the exponent outside the quantity, but not
the signs of exponents inside the quantity. For an example 
of this process, see the problem below the “Self Check” on
page 32 of the textbook.

ASSIGNMENT 4: 
SCIENTIFIC NOTATION
Read this assignment. Then read pages 39–43 in your textbook,
Algebra for College Students. Complete the “Self Checks” as
you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction
Scientific notation is a very useful method that helps in man-
aging, reading, and writing numbers that are very small or
very large. It’s often used in application problems involving
business, science, and engineering—to name but a few areas.

Self-Check 3

Reinforce and practice what you’ve just learned by working on problems 31, 39, 43, 49, 63, 69, 77,
83, 85, 95, 97, 103, 111, and 129 on pages 36–37 of your textbook. Check your answers with those
given at the back of your textbook. If you find a mistake, analyze your work and review the related
material in this study guide and in your textbook.
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Here’s how it works. Suppose you want to change the num-
ber 56,700,000,000 to scientific notation to make it easier to
work with. Here’s the procedure:

1. Move the decimal point to the position where there’s only
one value to the left of it.

5.6700000000

2. Count the number of places to the right of the decimal
point. In this case, there are 10 places.

3. Remove the zeroes from the decimal. The result is 5.67.
This is the base number.

4. Set up an expression with the base number multiplied
by 10 to a particular power. The power is the number 
of places you moved the decimal point. Therefore,
56,700,000,000 written in scientific notation is 5.67 � 1010.
When working with scientific notation, you must keep
track the number of places you move the decimal point
from its original position. You must also make note of
the direction in which you move the decimal. If you move
the decimal point to the left, the exponent of 10 will be
positive; if you move the decimal point to the right, the
exponent will be negative. Carefully study the five exam-
ples on pages 39–41 in your textbook.

Scientific notation makes it less complicated to multiply and
divide values that are very large or very small. Once the 
numbers are written in scientific notation, simply multiply or
divide them according to the exponent rules you just studied.
An example of this process is given for you in Example 6 on
page 41.
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ASSIGNMENT 5: 
SOLVING EQUATIONS
Read this assignment. Then read pages 46–54 in your textbook,
Algebra for College Students. Complete the “Self Checks” as
you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction
In this assignment, you’ll begin a study of one of the most
important concepts in algebra: the equation. Although you
didn’t realize it at the time, you’ve been working with equa-
tions since grade school when you first learned to add and
subtract. The simple arithmetic problem 2 + 2 = 4 is an
equation. If you’re ready, let’s begin to look at equations.

Equations
An equation is composed of two equal sides joined by an
equal sign (=). Equations can be either simple arithmetic, or
they can be steeped in complex algebraic concepts. Here are
a couple of examples:

Arithmetic equation 2 + 3 = 4 + 1

Algebraic equation x + 2 = 5

Self-Check 4

Reinforce and practice what you’ve just learned by working on problems 15, 23, 33, 37, 45, and 49
on pages 44–45 of your textbook. Check your answers with those given at the back of your textbook.
If you find a mistake, analyze your work and review the related material in this study guide and in
your textbook.
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Unlike the arithmetic equation, the algebraic equation
includes a variable (x). That’s what makes it algebraic.

When you solve an algebraic equation, you want to find the
value of the variable that makes the equation true. In other
words, you need to find the value (assuming there is one)
that, when substituted for the variable, will give you the
same quantity on both sides of the equal sign. Let’s think
about the algebraic equation given above.

x + 2 = 5

In this equation, what value substituted for x will give you 5?
You can probably answer that question rather quickly. The
value of x is 3. To check to see if that value works, substitute
3 for x in the equation.

x + 2 = 5

3 + 2 = 5

Since 3 + 2 = 5, is a true statement, you know that 3 is the
solution to this equation.

Solving Linear Equations

When solving equations, you can do whatever you like to one
side of the equation as long as you do the same to the other
side. Remember that an equation is assumed to be designed
so that both sides are equal. Therefore, if you alter one side
in your effort toward solving it, you must alter the other side
in exactly the same way. In this way, the equation will still be
equal on both sides. In other words, if you’re adding, sub-
tracting, multiplying, and/or dividing one side by a particular
value, then you must add, subtract, multiply, or divide the
other side by the exact same value.

Here’s an example:

2x + 4 = 12

In this equation, x is the variable you’re solving for. That is,
you want to find the value of x. On one side of the equal sign,
the value of x is multiplied by 2 and then 4 is added to it; the
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other side is set equal to 12. To solve this equation for x, you
must try to get x alone on one side of the equation. Here’s
how you can do that:

1. Subtract 4 from both sides of the equation.

2x + 4 – 4 = 12 – 4

2x = 8

2. Divide both sides by 2.

x = 4

3. To be sure your answer is correct, check your solution
by substituting 4 in the equation in place of x.

2(4) + 4 = 12

8 + 4 = 12

12 = 12

Your solution is correct since both sides are equal.

Combining Like Terms

Before you begin your study of combining like terms, you
must understand the definitions of a few terms. A variable,
as you already know, is a letter that stands for a number. A
coefficient is the value in front of a variable. For example, in
the expression 3x, x is the variable and 3 is the coefficient. If
a variable has no coefficient, the coefficient is understood to
be 1. A constant is a number. To remember the difference
between a constant and a variable, think about it this way. A
constant is just that—constant; it never changes. The con-
stant 2 is always equal to 2. A variable, on the other hand,
changes its value. In one equation, x may equal 12; in
another equation, it may equal –4.

Finally, like terms include the exact same variable(s) raised to
the same exact power(s).

2
2

8
2

x =
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To combine terms in an equation, first make certain that
they’re like terms. Then, combine the constants of these
terms according to the rules of signed numbers. Remember
that terms are separated by positive or negative signs.

Here are a few examples:

n 3x + 7x = (3 + 7)x = 10x

n 2x2y3 + 7x2y3 = (2 + 7)x2y3 = 9x2y3

n –9a4b5 + 3a4b5 = (–9 + 3)a4b5 = –6a4b5

All three of these expressions contain like terms. That is, they
have the same variables with the same exponents. Therefore,
you can combine the terms according to the signs.

Now look at this example:

5rq2 – 2r2q

The terms in this expression can’t be combined because the
variables don’t have the same exponent.

Now let’s try a more complicated equation that incorporates
all of the ideas you’ve studied up to this point. Solve the
equation 4(x – 2) = 3x + 5. That is, find the value of x.

1. Set up the problem.

4(x – 2) = 3x + 5

2. Distribute 4 through the quantity (x – 2).

4x – 8 = 3x + 5

3. Subtract 3x from both sides.

4x – 3x – 8 = 3x – 3x + 5

x – 8 = 5

4. Add 8 to both sides.

x – 8 + 8 = 5 + 8

x = 13
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5. To check your work, substitute 13 for x in the original
equation.

4(x – 2) = 3x + 5

4(13 – 2) = 3(13) + 5

4(11) = 39 + 5

44 = 44

Before going on to the next section, carefully study the five
rules for solving linear equations (page 50).

Identities and Contradictions

There are three types of equations: conditional equations,
identities, and contradictions. Those that you’ve been work-
ing on so far are examples of conditional equations. In
conditional equations, some numbers satisfy the equation
and others don’t. Identities, on the other hand, are equations
that are true for every value of the variable. In other words,
all real numbers will solve this sort of equation. Here’s an
example of an identity:

2x + 4 = 2(x + 2)

If you perform the multiplication on the right side of the
equation the result is

2x + 4 = 2x + 4

Notice that the right side of this equation is the same as the
left. Therefore, it’s an identity and its solution is all real 
numbers.

Contradictions are equations that are designed so that the
two sides aren’t equal. This means that no matter what value
you substitute for the variable on both sides, you’ll never get
the same value on both sides. This situation is a contradic-
tion to the notion of an equation. A contradiction has no
solution. Here’s an example of a contradiction:

2x + 4 = 2(x + 3)

If you perform the multiplication on the right, the result is

2x + 4 = 2x + 6
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Notice that the right side isn’t equal to the left. Therefore, the
expression has no solution. It’s a contradiction.

Formulas

As you can see, you’re now going to work with solving 
formulas, which are equations that state a rule. Formulas are
expressed with symbols. They describe a particular relation-
ship between quantities. For example, the formula for the
area of a rectangle is

A = lw

in which A = area

l = length

w = width

This formula presents the rule for finding the area of a rec-
tangle. It does so in an equation that uses symbols.

In the formula for the area of a rectangle, the area (A) is 
isolated on the left side of the equation. Therefore, you know
that the value of A is equal to the product of l and w. But
what if you wanted to know the value of l? To find this out,
you would have to isolate l on one side of the equation 
(usually the left). Let’s see how you can do that.

1. Begin with the equation for the area of a rectangle.

A = lw

2. To isolate l, divide both sides of the equation by w.

3. Write l on the left-hand side.

Now you have a formula, or a rule, for l. That is, l is equal to
A divided by w.

A
w

lw
w

=

A
w

l=

l A
w

=
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When you’re given a formula and are asked to solve for one of
its variables, you must isolate that variable on one side of the
equal sign.

For more examples of how to do this, study Examples 9–11
on page 53.

ASSIGNMENT 6: USING 
EQUATIONS TO SOLVE PROBLEMS
Read this assignment. Then read pages 57–63 in your textbook,
Algebra for College Students. Complete the “Self Checks” as
you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

One of the most common uses of equations is as mathe-
matical representations of real-world situations. In this
assignment, you’ll first examine some of the key terms used
to translate an English sentence into a mathematical one.
Then, you’ll create equations and solve them. These ideas
represent the important practical uses of mathematics.

Self-Check 5

Reinforce and practice what you’ve just learned by working on problems 19, 27, 29, 35, 49, 55, 57,
61, 65, 69, 75, 85, 91, and 97 on pages 54–55 of your textbook. Check your answers with those
given at the back of your textbook. If you find a mistake, analyze your work and review the related
material in this study guide and in your textbook.
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Key Phrases

Most of the English phrases that are transformed into 
mathematical operations can be figured out by using com-
mon sense. For example, the phrase added to and the term
plus translate to the mathematical operation of addition,
symbolized by the plus sign (+). The terms less and difference
translate to the mathematical operation of subtraction, sym-
bolized by the minus sign (–). The phrase multiplied by and
the term product translate to the operation of multiplication,
symbolized by the times sign (�). Finally, the phrase divided
by and the term ratio translate to the operation of division,
symbolized by the division sign (�).

To create equations, you must be familiar with these four
operations and their English equivalents. Refer to Tables 1-3
and 1-4 on page 57 in your textbook for a summary of this
information.

Recreation and Business Problems

Many people have a tendency to be uncomfortable with the
prospect of solving any type of word problem. Although the
word problems you’ll be solving in this course may be chal-
lenging to a certain extent, they’re quite manageable. Read
each one carefully, think about what the problem is asking
you to do, and then approach it in a logical manner.

Recreation and business problems, like most word problems,
are best addressed when employing a general step-by-step
approach. Turn to page 58 in your textbook and study the
five-step approach to problem solving. This approach is often
called the Pólya method after the Hungarian mathematician
George Pólya, who devised it. Let’s look at each step in his
approach.

1. Analyze the problem. Analyzing the problem probably
takes the most patience because at this point you actu-
ally figure out what’s going on. You might need to make
a table and/or draw a picture, list pertinent equations,
and so on. In other words, you must do whatever it takes
to develop a clear understanding of the situation.



Intermediate Algebra36

2. Form an equation.  You must next create an equation
that accurately represents the situation. Remember that
an equation is a two-sided mathematical entity con-
nected by an equal sign. Of course, the equation you
create must be true. That is, the two sides must be 
legitimately equal to one another; otherwise, the equation
is useless.

3. Solve the equation.  Up to this point, you had to create
something. Now, you must use the mechanics of algebra
to solve the equation you’ve created.

4. State the conclusion. In this step, express your solution
in a complete sentence.

5. Check the result. Once you’ve solved for the unknown
quantity, be sure to check the result by substituting it
for the variable into the original equation. Do the arith-
metic and observe whether or not the equation balances.
If so, you know that your solution is correct. If not, you
must go back and analyze your work.

When dealing with recreation problems, you must have an
understanding of linear measurement. This basically entails
arithmetic as it relates to expanding or decreasing lengths of
particular items. When dealing with business problems, you
must have an understanding of basic business formulas that
you’ve probably used consciously or unconsciously in your
everyday activities. Two of the most common business formulas
are presented on page 59 of your textbook.

Geometry and Lever Problems

When dealing with geometry problems, you must understand
some basic concepts related to the study of geometry. Therefore,
before you begin to study the example geometry problems in
your textbook, review the information on angles and triangles
on pages 60–61 of your textbook. Make sure you’re familiar
with all of the terms in bold type.

The lever problems that you’ll be solving deal mainly with the
comparison of cylinders and their distance from a fulcrum.
The relationships are represented in terms of addition and
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multiplication. Force is a factor in these problems. Carefully
study Example 6 on pages 62–63 for an example of a lever
problem.

Reminder: Remember to use Pólya’s method to set up and
solve word problems. Be patient and work through each
problem slowly. If you read carefully and follow the five-step
method, you should be successful.

ASSIGNMENT 7: GRAPHING 
LINEAR EQUATIONS
Read this assignment. Then read pages 83–95 in your textbook,
Algebra for College Students. Complete the “Self Checks” as
you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

In this assignment, you’re going to examine graphing, a very
important component of mathematics because of its visual
aspect. Most human beings respond to a visual representa-
tions of ideas. Charts, tables, and graphs are often used in
the media to clearly communicate trends and to describe the
particular components of a situation. The basic principles

Self-Check 6

Reinforce and practice what you’ve just learned by working on problems 5, 9, 13, 15, 17, 21, 23, 27,
31, 35, 41, and 45 on pages 63–66 of your textbook. Check your answers with those given at the
back of your textbook. If you find a mistake, analyze your work and review the related material in
this study guide and in your textbook.
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used are what you’ll be studying in this assignment. Graphs
also help professionals better understand the results of their
experimentation and analysis.

Let’s start with the basic real number line, which you studied
in Assignment 1. The real number line is a one-dimensional
graph. It’s a horizontal line that extends from the origin
(point 0) to the left toward negative infinity and to the right
toward positive infinity.

Let’s quickly review some of the material from Assignment 1.
Do you remember set builder notation? Here’s an example of
a set of numbers written in set builder notation: {x|x > 4},
which is read “the set of all x such that x is greater than 4.”
Now, here’s that set represented on the number line:

Finally, here’s the same idea in interval notation: (4, �),
which is equivalent to x > 4.

The Rectangular Coordinate System

The real number line has only one dimension. Now, what if
you have to represent two dimensions? Well, you’d have to
use what’s called the Cartesian coordinate system (named
after its creator, French mathematician René Descartes). 
This system is also referred to as the rectangular coordinate
system. You can think of this system as the real number line
with a vertical line intersecting it at its origin.

Figure 2-2 on page 85 of your textbook illustrates the rectan-
gular coordinate system. Notice that the grid is divided into
four quadrants. The origin is the point at which the x-axis
and the y-axis meet. A position identified in this system is
called a point. A point is also known as an ordered pair,
because it’s made up of two coordinates (x, y). The first coor-
dinate is always on the x-axis, and the corresponding second
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coordinate is always on the y-axis. The intersection of these
two coordinates indicates the point that they represent
together.

The signs of the coordinates indicate the quadrant in which
they’ll fall:

n If both the x- and y-coordinates are positive, the point
will reside in quadrant I.

n If both the x- and y-coordinates are negative, the point
will reside in quadrant III.

n If the x-coordinate is negative and the y-coordinate is
positive, the point will reside in quadrant II.

n If the x-coordinate is positive and the y-coordinate is 
negative, the point will reside in quadrant IV.

n If the x-coordinate is zero (0) and the y-coordinate is a
nonzero number, the point will reside on the y-axis.

n If the y-coordinate is zero (0) and the x-coordinate is a
nonzero number, the point will reside on the x-axis.

n If both the x- and y-coordinates are zero (0), the point
will reside at the origin.

Based on this list, you can see that there are seven possible
areas where a point can reside in the Cartesian coordinate
system. They are quadrants I, II, III, IV; the x-axis; the y-axis;
and the origin.

Graphing Linear Equations

A linear equation is an equation with two variables, both of
which have a degree of one (1). In reference to equations, the
term degree refers to the exponents of the variables. For an
equation to be linear, both variables must have an exponent
of 1. Here’s an example:

y = 2x + 3

Notice that the equation has two variables (x and y) and both
variables have an exponent of 1. Such an equation is called
linear because its graph is a straight line.
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One of the most effective methods used to graph a linear
equation on the Cartesian coordinate system is to use a truth
table, an organized way to identify independent variables
(that is, x-coordinates) and then to plug those values into
your equation to find the corresponding dependent variables
(y-coordinates). This process will help you produce a group of
points that can be plotted on the Cartesian coordinate sys-
tem. Drawing a line to connect these points gives you a
visual representation of the linear equation. Here’s how to
develop a truth table for the equation y = 2x + 3.

1. Draw a table with two columns. Label one column x and
the other column y.

2. Insert some values for x.

3. Plug these values into the equation and find the 
corresponding values of y.

x y

x y

–2

–1

0

1

2

x y

–2 –1

–1 1

0 3

1 5

2 7
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To graph this equation, plot the various points on a graph
and connect the points. Because this equation is linear, the
graph is a straight line, as shown below:

Make sure that you understand the concepts of x-intercept
and y-intercept (page 89). These are terms you’ll encounter
throughout this course.

Horizontal and Vertical Lines

Horizontal and vertical lines are lines with special tendencies.
On a graph, every point on a horizontal line has the same 
y value. For example, in the equation y = 4, the value of y is
always 4, no matter what the value of x is. This equation rep-
resents a horizontal line that has as a y-coordinate of 4 for
every point on it. This horizontal line also has a y-intercept 
of 4—that is, the line intercepts the y-axis at (0, 4). The line
has no x-intercept.
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Likewise, every point on a vertical line has the same x-value.
For example, in the equation x = –3, the value of x is always
–3, no matter what the value of y is. This equation represents
a vertical line that has an x-coordinate of –3 for every point
on it. This vertical line also has an x-intercept of –3—that is,
the line intercepts the x-axis at (–3, 0). The line has no y-
intercept.

The Midpoint Formula

The midpoint formula, as you might expect, is a means of
determining the midpoint of a line segment on a graph. The
formula (given on page 93 of your textbook) includes a num-
ber of variables:

x1 = the x-coordinate of one endpoint on a segment

x2 = the other x-coordinate of the other endpoint on the line
segment

y1 = the y-coordinate of one endpoint on the line segment

y2 = the other y-coordinate of the other endpoint on the line
segment

The formula is already set up so that after you plug in the
values and do the arithmetic, you have the midpoint in the
form of an ordered pair.

Self-Check 7

Reinforce and practice what you’ve just learned by working on problems 19, 21, 23, 35, 39, 41, 47,
51, 53, 59, 67, and 75 on pages 95–97 of your textbook. Check your answers with those given at the
back of your textbook. If you find a mistake, analyze your work and review the related material in
this study guide and in your textbook.
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ASSIGNMENT 8: SLOPE OF A
NONVERTICAL LINE
Read this assignment. Then read pages 99–106 in your text-
book, Algebra for College Students. Complete the “Self
Checks” as you come to them in the textbook. The answers are
given at the end of each textbook section.

Introduction

You’re now going to study one of the most important con-
cepts of lines: slope. Every line, except a vertical line, has a
definable slope. As you study the material in this assignment,
please make certain you thoroughly grasp the concepts pre-
sented, for they’re referred to in countless mathematical
endeavors.

Slope of a Line

Slope is the steepness of a line that results from the change
in y over its change in x. The slope is probably the most
important characteristic of a line. It communicates quite
clearly how the two quantities being represented by the line
change with respect to one another. Remember that the 
equation of a line consists of two variables (usually x and y).
One of the variables is independent (usually x) and is repre-
sented on the horizontal x-axis. The other variable is
dependent (usually y) and is represented on the vertical y-
axis. The symbol used to represent slope is m. Here’s the
formula:

in which rise = the vertical change when two points on a line
are compared

run = the horizontal change when two points on a
line are compared

�y = change in the y-coordinate when two points
on a line are compared

m y
x

y y
x x

= = =rise
run

Δ
Δ

−
−

2 1

2 1
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�x = change in the x-coordinate when two points
on a line are compared 

y2 = one of the y-coordinates of the two points
being compared on a line

y1 = the other y-coordinate of the two points being
compared on a line

x1 = one of the x-coordinates of the two points
being compared on a line

x2 = the other x-coordinate of the two points being
compared on a line.

Study the examples of how to use this formula (pages 100–104
in your textbook).

Horizontal and Vertical Lines

The slope of a line can be positive, negative, zero, or unde-
fined (page 104). As you might guess, a line with a positive
slope rises as it goes from left to right. A line with a negative
slope drops as it goes from left to right. These two designa-
tions make sense to us. However, what about a line that’s
perfectly vertical or one that’s perfectly horizontal?

The slope of a vertical line is undefined. In other words, the
slope of a line that’s vertical is so steep it’s not possible to
define. Think of a vertical line as a slope you might ski down.
How could you? If you tried, you’d fall off because the slope
isn’t navigable (that is, it’s undefined). Let’s analyze it in
terms of its mathematical formula.

Suppose you have a vertical line that passes through the
points (1, 3) and (1, –2). What is the slope of this line? To
determine the slope, substitute the values of the two points
in the formula for a slope:

= − −
−

2 3
1 1

m y y
x x

= 2 1

2 1

−
−
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Since you can’t divide a number by 0, the slope is undefined.

The slope of a horizontal line is nonexistent. The line is flat;
therefore, it has no steepness or slope. Its slope is 0. What if
you tried to downhill ski on a slope that was flat? I’d venture
to say that you wouldn’t move. There’s no steepness. You’d
have to cross-country ski this sort of slope. Let’s analyze a
horizontal line in terms of its mathematical formula.

Suppose you have a horizontal line that passes through the
points (–3, 4) and (2, 4). What is the slope of this line?

= 0

Remember: When any number other than 0 is divided into 0,
the quotient is 0.

Slopes of Parallel Lines

Lines that are parallel have the same slope. Therefore they
never intersect.

Here’s a look at it mathematically. Suppose you have line a1
that passes through points (1, 2) and (2, 4). You also have
line a2 that passes through points (3, 1) and (4, 3). If these
lines are parallel, they should have the same slope. Let’s use
the slope formula for each of these lines to determine if
they’re parallel.

= 0
5

= 4 4
2 3

−
− −( )

m y y
x x

= 2 1

2 1

−
−

= −5
0
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= 2 = 2

The slope of line a1 (m1) and the slope of line a2 (m2) are the
same. Therefore, these lines are parallel.

To understand this principle more fully, study Example 5 on
page 105.

Slopes of Perpendicular Lines

Perpendicular lines intersect at one point, and the point of
intersection creates a 90° angle.

Two lines that are perpendicular have slopes that are negative
reciprocals. Now, what does that mean? On page 23 of your
textbook, you learned that two numbers are reciprocals if
their product equals 1. Two numbers are negative reciprocals
if their product equals –1.

The slopes of two nonvertical perpendicular lines are negative
reciprocals. That is, when the slopes are multiplied, their
product equals –1. Here’s a look at it mathematically. Suppose
you have line b1 that passes through points (1, 2) and (2, 4).
You also have line b2 that passes through points (2, –1) and
(4, –2). You can use the slope formula to determine if these
lines are perpendicular.

= 2
= − 1

2

= 2
1

= −1
2

m1
4 2
2 1

= −
−

m2
2
4 2

= − − −
−
( )1

= 2
1

= 2
1

m1
4 2
2 1

= −
−

m2
3 1
4 3

= −
−



Lesson 1 47

Since the product of the two slopes equals –1, the lines are
perpendicular. 

2 � ( ) = –1

To understand this principle more fully, study Example 6 on
page 106.

− 1
2

Self-Check 8

Reinforce and practice what you’ve just learned by working on problems 11, 13, 23, 25, 27, 31, 37,
45, 49, and 53 on page 107 of your textbook. Check your answers with those given at the back of
your textbook. If you find a mistake, analyze your work and review the related material in this study
guide and in your textbook.
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ASSIGNMENT 9: WRITING 
EQUATIONS OF LINES
Read this assignment. Then read pages 109–118 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

So far, you’ve learned how to graph a linear equation, and
you’ve studied how to determine the slope of a line. In this
assignment, you’re going to reverse what you’ve just learned
and study how to write an equation based on a line on a
graph.

Point-Slope Form of the 
Equation of a Line

The point-slope equation of a line, as its name suggests, uses
a point from a line and the slope of that line to reach a
desired mathematical end. Quite often the point-slope equa-
tion is used as a transitory form to get to the slope-intercept
form, which you’ll study next.

The point-slope equation is

y – y1 = m(x – x1)

in which y1 = y-coordinate of the point you’re using

x1 = x-coordinate of the point you’re using

m = the slope

Suppose you have a line that passes through the point (2, 3)
and has a slope of 5. This line represented in the point-slope
equation would look like this:

y – y1 = m(x – x1)

y – 3 = 5(x – 2)

The equation y – 3 = 5(x – 2) represents the line that passes
through the point (2, 3) and has a slope of 5.



Lesson 1 49

To transform the above equation from point-slope into slope-
intercept, proceed as follows:

1. Distribute the 5 across the value in parentheses.

y – 3 = 5(x – 2)

y – 3 = 5x – 10

2. Add three to both sides

y – 3 + 3 = 5x – 10 + 3

y = 5x – 7

The result, y = 5x – 7, is the slope-intercept form. To trans-
form a point-slope form to the slope-intercept form, simply
isolate the y term on one side of the equation.

Slope-Intercept Form of the 
Equation of a Line

You’ve just seen how to transform an equation of a line from
point-slope form into slope-intercept form. Let’s look at slope-
intercept form more specifically. The slope-intercept formula
is

y = mx + b

in which m = the coefficient of the x term, or the slope of the
line

b = the constant value being added to or subtracted
from the x term, that is, the value of y at the y-
intercept of the line

This formula is quite useful because of the characteristics of
the line that can be immediately identified. When a line is
represented in the slope-intercept form, you can clearly iden-
tify that line’s slope and y-intercept by just looking at the
equation.
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Here’s an example of an equation in what’s known as general
form: 2x – 5y = 20. We’ll transform it into slope-intercept
form and then identify the slope and the y-intercept of the line.

1. Set up the general form of the equation.

2x – 5y = 20

2. To transform it into slope-intercept form, isolate y on one
side of the equation. To do this, first subtract 2x from
both sides of the equation.

2x – 2x – 5y = –2x + 20

–5y = –2x + 20

3. Divide all terms by –5.

As mentioned above, the coefficient of the x term is the slope.
Therefore, according to this formula, the slope is 2/5. The con-
stant value being added to or subtracted from the x term is
the value of y at the y-intercept of the line. Therefore, the
value of y at the y-intercept is –4.

The slope-intercept form of an equation of a line is valuable
when you desire to graph the line. You would first graph the
y-intercept and then apply the change in y and the change in
x from that point to find a second point of the line in ques-
tion. Once you have two points, you can graph your line.

General Form of the Equation of a Line

You’ve already seen the general form of an equation of a line
in the previous example. You’re now going to work with the
general form a little bit more. Remember: The forms of the
equation of a line we’re talking about are just different varia-
tions of describing a line. Each variation has its own special
characteristics and uses.

y x= 2
5

4−

y x= +2
5

4( )−

−
−

−
− −

5
5

2
5

20
5

y x= +
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The general form of the equation of a line is

Ax + By = C

in which A and B = coefficients of x and y, respectively

C = a constant

When a line is presented in this general form, you can easily
graph it by finding the x- and y- intercepts. Remember that
you need at least two points to graph a line. Suppose you
have the general form of 3x + 4y = 12. To find the x- and y-
intercepts, proceed as follows:

1. To find the y-intercept, substitute 0 for x and solve for y.

3(0) + 4y = 12

0 + 4y = 12

4y = 12

y = 3

The y-intercept is (0, 3). That is, the line crosses the y-
axis at 3.

2. To find the x-intercept, substitute 0 for y and solve for x.

3x + 4(0) = 12

3x + 0 = 12

3x = 12

x = 4

3. Plot these two points on a graph and connect them with
a straight line. The graph of the equation 3x + 4y = 12 is
illustrated below.
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Carefully study Example 9 on page 115, along with the infor-
mation in the box at the bottom of that page.

Straight-Line Depreciation

Straight-line depreciation is a real-world method in which the
negative slope of a line represents the value over time of a
piece of equipment. This method of value assessment is often
used in business applications. As you study and analyze the
examples in your textbook, remember that you’re just inter-
preting the slope of a line. In most cases, this slope is negative.
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ASSIGNMENT 10: 
INTRODUCTION TO FUNCTIONS
Read this assignment. Then read pages 122–129 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

In this assignment, you begin to study the concept of func-
tions. A function can be looked at from a few different angles.
You’ll look at it in a theoretical sense, in algebraic form, and
in relation to graphs. Functions are very useful in real-world
applications—specifically in business, science, and engineer-
ing models. They aren’t hard to understand once you get a
few ideas and symbols clear. Let’s get started.

Functions

Functions consist of inputs and outputs, or domains and
ranges, or x and y. Here’s a table that will better clarify these
ideas:

x | y or     input | output     or     domain | range

Self-Check 9

Reinforce and practice what you’ve just learned by working on problems 11, 13, 15, 17, 21, 23, 25,
27, 31, 41, 47, 53, 57, 61, 63, 67, 71, 75, 79, and 81 on pages 119–121 of your textbook. Check
your answers with those given at the back of your textbook. If you find a mistake, analyze your work
and review the related material in this study guide and in your textbook.
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The left side of each of these pairs is the independent 
variable; the right sides represent the dependent variable. In
other words, the value of the right side (y, output, or range)
depends on the value of the left side (x, input, or domain).
Because these relationships are two-dimensional, you 
can use the Cartesian coordinate system to graph these 
situations.

For a two-dimensional relationship to be considered a func-
tion, it must exhibit a specific tendency regarding its input
and output. A function must have every input corresponding
to only one output. If this isn’t the case, then the relationship
wouldn’t be considered a function. Here’s an example:

The above mathematical relationship is a function because
every input, or domain (x), corresponds with only one output,
or range (y). Now consider this example:

The above mathematical relationship isn’t a function, because
every input, or domain (x), doesn’t correspond with only one
output, or range (y). More specifically, the domain of the
value 4 has two corresponding range values: 5 and 7. Let’s
look at one more example:

x y

2 1

3 1

4 5

x y

2 3

4 5

4 7

6 8

x y

2 3

4 5

6 7



Is the above mathematical relationship a function? Yes, it is,
because every domain (x) corresponds with only one range
(y). Even though the domain values 2 and 1 share the same
range value of 1, each domain value still has just one corre-
sponding range value.

Function Notation

An equation written in function notation looks like this: 
f(x) = 2x + 3. The f(x) isn’t the same as f times x. This is a
common mistake. Instead, the f(x) is read as “f of x” or “f at
x.” The x in the parentheses represents the input of the func-
tion. It’s the independent variable, or the domain. Whatever
value is shown in place of x is the value you substitute for x
on the right side of the equation. Whatever numerical result
you obtain after doing the arithmetic represents the output of
the function. Here’s an example:

1. Start with an equation in function notation.

f(x) = 3x + 8

2. Input a value for x. In this case, the value is 4.

f(4) = 3(4) + 8

3. Perform the arithmetic.

f(4) = 12 + 8 = 20

In this equation, the input/output, x/y, domain/range rela-
tionship is (4, 20). The expression f(x) represents y, or the
dependent variable.

If you have a two-dimensional equation like y = 4x – 9, you
could rewrite it as a function by simply renaming the y as
f(x).

Pages 124–126 explain function notation in greater detail.
Study these pages carefully, concentrating on Examples 3
and 4.

Lesson 1 55
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Finding Domains and 
Ranges of Functions
Identifying the domain and range of a function is next on the
agenda. This process is very important when you’re seeking
to understand how independent variables affect dependent
variables in a real-world scenario represented in function
notation.

You’ve already learned that the domain is the same as the
input, and the range is the same as the output. You can
identify the domain and the range as x and y coordinates in
an ordered pair (x, y).

Here’s an example of the domain and range values of a func-
tion represented as ordered pairs (that is, points).

(2, 3)  (4, 5)  (6, 7)  (8, 9) 

Notice that every x-coordinate has only one corresponding 
y-coordinate. Therefore, these values represent a function. 

You can also identify the domain and range values of a func-
tion on a graph, as shown in the figure below. The domain is
represented on the x-axis, and the range is represented on
the y-axis.
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The Vertical Line Test

The vertical line test involves observing the graph of a mathe-
matical relationship so that you can determine whether it
represents a function. The test is a very straightforward
method.

To perform a vertical line test, you must project vertical lines
through the graph in question. If any one of the vertical lines
intersects the graph at more than one location, then the
graph doesn’t represent a function. Any line intersecting the
graph more than one time indicates an x-coordinate with
more than one corresponding y-coordinate. That situation
contradicts the definition of a function. If every line intersects
the graph at only one point, the graph does indeed represent
a function. A vertical line intersecting the graph at only one
point indicates that the x-coordinate corresponds with only
one y-coordinate. That situation satisfies the definition of a
function.

Study Figure 2-37 on page 128 for examples of the vertical
line test.

Linear Functions

Linear functions are functions that have a degree of one and
are represented as straight lines on a graph. The slope-
intercept equation of a line y = mx + b can be written in 
function notation as f(x) = mx + b. The f(x) portion of the 
function represents the y-coordinate of points on the line 
of the equation.
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ASSIGNMENT 11: GRAPHS OF
OTHER FUNCTIONS
Read this assignment. Then read pages 132–140 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

You just finished working with linear functions that represent
lines. In this assignment, you’ll study other types of func-
tions. The two most common nonlinear functions are the
squaring and cubing functions. You’ll also examine another
type of function known as the absolute value function. This
assignment concludes with an examination of the translation
of particular graphs. You’ll be working with a reference graph
and applying translations to it. These translations are created
by adding, subtracting, multiplying, and/or dividing values
through the function that represents the reference graph.

Self-Check 10

Reinforce and practice what you’ve just learned by working on problems 9, 11, 13, 19, 23, 27, 31,
37, 43, 51, 55, 61, 65, 71, and 77 on pages 129–131 of your textbook. Check your answers with
those given at the back of your textbook. If you find a mistake, analyze your work and review the
related material in this study guide and in your textbook.
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Graphs of Nonlinear Functions

The Squaring Function

The function notation that represents a squaring function is
f(x) = x2. The degree for this type of function is 2. The graph
of this equation is known as a parabola. The vertex, or mini-
mum point, is at the origin (0, 0).

When working with the squaring function, you’ll find that
exact opposite x-coordinates have exactly the same corre-
sponding y-coordinates. Here are some points :

Think about how the arithmetic works for this function. If
you square 1, you get 1. If you square –1, you also get 1. The
same is true for other real numbers. The graph of a squaring
function resides in quadrants I and II of the Cartesian coordi-
nate system. See Figure 2-40 on page 133.

The Cubing Function

The function notation that represents a cubing function is 
f(x) = x3. The degree for this type of function is 3. The mid-
point of a graph of a cubing function is at the origin (0, 0).

In contrast to the squaring function, you’ll find that exact
opposite x-coordinates have exact opposite corresponding 
y-coordinates. Here are some points:

x y

1 1

–1 1

2 4

–2 4

x y

1 1

–1 –1

2 8

–2 –8
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Again, think about how the arithmetic works for this function.
When you cube 1 you get 1. When you cube –1 you get –1.
The same is true for other real numbers. On a graph, the 
origin cuts the graph of this function in half. Half resides in
quadrant I and half in quadrant III. See Figure 2-41 on 
page 133.

The Absolute Value Function

The function notation that represents the absolute value 
function is f(x) = |x|. No matter what the sign of the x-
coordinate is, the sign of the y-coordinate will be positive. The
midpoint and minimum point for this graph is the origin (as
it was for the squaring function).

When working with the absolute value function, you’ll find
that exact opposite x-coordinates have exactly the same cor-
responding y-coordinates. Here are some points:

To understand how this works, think about absolute value.
It’s a measure of the distance from 0 to a particular point on
the number line. The absolute value (that is, the distance
from 0) for 1 is 1. The absolute value for –1 is also 1.

The graph of an absolute value function is cut in half by the
y-axis. The graph resides in quadrants I and II of the
Cartesian coordinate system. See Figure 2-42 on page 134.

Translations of Graphs

Vertical Translations

When you add a value to or subtract a value from an inde-
pendent variable after its exponential value is expanded, a
vertical shift occurs in the graph of this function. The graphs

x y

1 1

–1 1

2 2

–2 2
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will remain the same, but they’ll appear in a different 
location on the coordinate system. For example, the graph 
of f(x) = x2 is exactly the same as the graph for f(x) = x2 + 2.
However, the graph for the second function is two units higher
on the y-axis. The minimum value of f(x) = x2 is (0, 0); the
minimum value of f(x) = x2 + 2 is (0, 2).

Notice that when you add a value to the reference function in
this manner, the vertical shift of the graph is positive (that is,
upward); when you subtract a value from the reference func-
tion in this manner, the vertical shift of the graph is negative
(that is, downward). The graph shifts in the direction you
would expect—addition makes it higher; subtraction makes it
lower.

For another example of a vertical translation, study Example 4
on page 136.

Horizontal Translations

When you add a value to or subtract a value from an inde-
pendent variable before its exponential value is expanded, a
horizontal shift occurs in the graph of this function. Here’s
an example:

f(x) = (x + 2)2

First, notice that the value (2) is added before the value in
parentheses is squared. The graph for this function is the
same as that for f(x) = x2, shifted horizontally to the left two
units.

The minimum value of f(x) = x2 is (0, 0); the minimum value
of f(x) = (x + 2)2 is (–2, 0).

Notice that when you add a value to the reference function in
this manner, the horizontal shift of the graph is negative
(that is, to the left); when you subtract a value from the refer-
ence function in this manner, the horizontal shift of the
graph is positive (that is, to the right). The graph shifts in the
opposite direction of what you would expect—addition makes
it move to the left and subtraction makes it move to the right.

For another example of a horizontal translation, study
Example 5 on page 137. Example 6 illustrates a shift that
occurs both horizontally and vertically.
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Reflections of Graphs

When you multiply an independent variable of a function by –1,
you cause the reference graph to reflect, or flip. The new
graph ends up in the opposite quadrants of the Cartesian
coordinate system as compared to the reference graph. For
an example of a reflection of a graph, study Example 7 on
page 138.

When you feel confident that you understand the material in
Lesson 1, complete the examination.

Self-Check 11

Reinforce and practice what you’ve just learned by working on problems 11, 13, 17, 19, 23, 33, and
43 on pages 141–142 of your textbook. Check your answers with those given at the back of your
textbook. If you find a mistake, analyze your work and review the related material in this study guide
and in your textbook.
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Systems of Equations;
Inequalities

ASSIGNMENT 12: SOLUTION 
BY GRAPHING
Read this assignment. Then read pages 151–157 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

You’ve studied lines, their equations, and their graphs in
Chapter 2, and seen that any line touches infinitely many
points on the plane. Your textbook calls these points “ordered
pairs” of (x,y) values. In Chapter 3, you consider more than
one line equation at the same time, called a system of equations,
and see how many (x,y) values there are that satisfy all the
equations at the same time. This section teaches you to solve
systems of equations by graphing, but you’ll learn several
other methods in this chapter as well.

It may help to think of systems of equations as sets of con-
straints. When you have no constraints, the whole plane is
open to you. When you have a line equation you wish to sat-
isfy, it acts as a constraint; only the points on that line
satisfy the constraints, and the points off the line aren’t
allowed. When you add a second line equation, you then have
two constraints, and one of several things may happen,
depending on how the second line relates to the first. Your
textbook discusses the various possibilities on page 155, and
we’ll review those possibilities below, in the section entitled
“Types of Relationships between Two Lines in a Plane.”
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Checking a Potential Solution

One of the first types of exercises you’ll encounter at the end
of this section involves checking to see if a point is a solution
to a system of equations, which means checking to see if it
satisfies all the equations in the system. That is, check to see
if the equations are all true when you plug in the point in
question. This is not only one of the first types of exercises
you’ll do, but it’s also Step 5 in “The Graphing Method” intro-
duced on page 152.  Here’s an example of how to do such a
check.

System of equations: 3x + 2y = – 5
–x – 7y = 10

Possible solution: (3, –7)

If we substitute x = 3 and y = –7 into the first equation, we
obtain

3(3) + 2(–7) = –5
9 – 14 = –5

This statement is true, so the possible solution (3, –7) satis-
fies the first equation. But to satisfy the system, it must
satisfy both. So we check the second equation as well.

–(3) – 7(–7) = 10

This statement is false, so the point (3, –7) doesn’t satisfy the
second equation, and therefore isn’t a solution to the system
after all.

Types of Relationships between Two
Lines in the Plane

Earlier I mentioned that putting together two linear constraints
could have various results, depending on the relationship
between them. Your textbook shows three possibilities on
page 155—one solution, no solution, and infinitely many
solutions. They also categorize these relationships as consis-
tent or inconsistent, and dependent or independent.  We’ll
review these definitions here, and summarize them in a table.
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A system of equations is consistent if it has at least one solu-
tion. If you think of the equations as constraints, the system
is consistent if the constraints aren’t too restrictive, so that
there’s a way to satisfy them all. If the system is inconsistent
(no solutions), then sometimes it’s called “overconstrained.”

A system of equations is dependent if two of the equations in
it describe the exact same line. As you know from algebra,
you can manipulate an equation to look different without
changing its meaning. For example, you could multiply the
equation x + y = 3 on both sides by 2, yielding 2x + 2y = 6;
this new equation has the same meaning and the same graph
as the first, and only its algebraic appearance has changed.
Thus, it’s possible for a single line to be written using many
different equations.

The following table explains how the terms consistent and
dependent relate to the relationships on page 155 of your
textbook.

Graphing Calculator Tips

When graphing lines on a graphing calculator, keep two
things in mind. First, although the illustration of coincident
lines in your textbook shows a red line and a blue line atop

Type of 
relationship

Number of
solutions Consistent? Dependent?

The lines
intersect at a
single point.

One, the point
of intersection

Yes, because
there’s a 
solution

No, because
the two lines
aren’t the
same line

The lines are
parallel, and
intersect
nowhere.

Zero No, because
there is no
solution

No, because
the two lines
aren’t the
same line

The two equa-
tions describe
the exact
same line.

(Your book
says such
lines 
“coincide.”)

Infinitely
many, all the
points on the
line

Yes, because
there’s a solu-
tion (infinitely
many, in fact!)

Yes, because
the two lines
aren’t really
two, but one



Intermediate Algebra66

each other, your graphing calculator will show just one line
in such a circumstance. Second, if you see just one line on
your graphing calculator, don’t jump too quickly to the con-
clusion that the lines coincide. If you’re zoomed in too far,
you may only see one line at first, but zooming out will reveal
the other.

Self-Check 12

Reinforce and practice what you’ve just learned by working on problems 13, 21, 23, 29, and 43 on
pages 157–160 of your textbook. Check your answers with those given at the back of your textbook.
If you find a mistake, analyze your work and review the related material in this study guide and in
your textbook.

ASSIGNMENT 13: SOLUTION 
BY ELIMINATION
Read this assignment. Then read pages 160–171 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section..

Introduction

This section of the chapter delivers two new techniques for
solving systems of equations, both using algebra. The first is
substitution, and the second is adding equations.

The Substitution Method

The five-step Substitution Method, on page 161 of your text-
book, may initially seem a little abstract, but the example
that follows it illustrates each of its five steps. Read carefully
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through Example 1 on page 161, comparing each step in the
method with the way the textbook authors demonstrate it in
the example.

The most significant of the five steps is step 2, because that
step reduces the two-variable situation to a one-variable situ-
ation. You already knew how to solve equations with one
variable, so once step 2 is complete, you’ve reduced the more
complicated two-variable problem down to one you already
knew how to handle.  If the equation you obtain from step 2
still has two variables in it, check your work, because that’s
a sure sign of a mistake.

Another common error when using the substitution method
is forgetting to enclose the substituted expression in paren-
theses. Consider the following example:

You intend to substitute y = –4x + 13

into the equation –2x + 3y = –17,

and should therefore write –2x + 3(–4x + 13) = –17
(CORRECT)

The parentheses are essential.  Don’t make the mistake of
omitting them, as shown below.

–2x + 3 – 4x + 13 = –17
(INCORRECT)

The Addition Method

The six-step Addition Method shown on page 163 of your
textbook is rather straightforward, and is followed by a help-
ful example. However, step 2 of the Addition Method asks you
to choose constants that will make coefficients cancel when
adding. When you look at step 2 in Example 3, you see that
the authors didn’t have a difficult system to deal with; it 
wasn’t very difficult to notice that multiplying one equation
by 2 made the x coefficients ready to cancel.
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But as you can see from Example 4 on the next page, it won’t
always be that easy. How did the authors come up with the
numbers 4 and –3 that they used to solve Example 4? They
used the following technique, which you can remember and
reuse in any similar problem, and it will always work:

1. Choose which variable you wish to eliminate. (I use y in
the next three steps, because the authors chose y in
Example 4, but you could choose to use x instead.)

2. Multiply the first equation by the coefficient of y from the
second equation.

3. Multiply the second equation by the negative of the coef-
ficient of y from the first equation.

4. Proceed with adding the equations, and the y terms
should cancel.

This technique isn’t always the simplest way to proceed. For
example, as you can see in Example 5, sometimes the equations
are set up perfectly for the substitution method. However, 
if you would like to memorize a technique that will always
succeed, you can use the one given above.

Understanding Unusual Results

Although often a system of equations results in a single solu-
tion, this isn’t always the case. Summarized here are the
possible results you may obtain from either substitution or
adding equations, and what each result means.

1. If you obtain a single value for x and a single value for y,
they form a single solution, an (x, y) pair that’s the one
point in the plane where the two lines intersect. This is
the “one solution” case.

2. If after you combine equations (using either the substitu-
tion or addition method), and all the variables cancel,
leaving only an equation of arithmetic, then one of two
cases will be true.

a. If that equation is a true statement, such as 0 = 0 or
2 + 3 = 5, then this indicates perfect agreement between
the two original equations. This is the case in which 
the two lines coincide, and is the “infinitely many
solutions” case.



Lesson 2 69

b. If it is a false statement, such as 2 = 8 or 0 = 1 – 10,
then this indicates that the original two equations are
incompatible. This is the case in which the two lines
are parallel, and is the “no solutions” case.

Repeating Decimals

Your textbook doesn’t spend much time on this topic, so
included here are two additional examples, to help you 
prepare for the exercises.

An easier example: Convert 15.5 to a fraction.

The repeating pattern is just one digit, so we use 101, which
is just 10.

Solving for x yields 

A harder example: Convert 0.08612 to a fraction.

The repeating pattern is three digits, so we use 103, which is
just 1000.

Solving for x yields and we multiply this

fraction by to remove the decimal, yielding 

which reduces to x  = 239
2775

100
100

x  = 
99900
8604 ,

x  = 
999

86 04. ,

1000  = 86.12612612...
 = 0.08612612...

999  = 86.04

x
x
x

−

x  = 140
9

.

10  = 155.5555...
 = 15.5555...

9  = 140

x
x
x

−
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Problem Solving

The aspect of word problems that most people find hardest is
the translation of the word problem from English into mathe-
matics.  This is the first step in the solution, and therefore
when people find it difficult, they sometimes don’t know how
to begin. The following suggestions may help you with this
first, essential step.

1. Begin by choosing variables that answer the question
posed in the problem. Consider Example 7 in the text-
book, which ends with the question, “how many [cell
phones] of each type were sold?” So you have two
unknowns you’re asked to find, the number of phones of
the first type sold and the number of phone of the sec-
ond type sold. So let your variables stand for these
unknowns, as the authors do in Example 7. This is the
first sentence of their “Analyze the problem” section in
that example.

2. In addition to making the decision in 1, write down what
you decided. It’s tempting to simply decide in your mind
what x and y should stand for and not write it down.
However, keep in mind that after several minutes of
work, you’ll (if all goes well) end up with a solution like
the one in Example 7, x = 20 and y = 16. But to answer
the problem’s question, you need to know what x and y
mean, and it’s not always easy to remember your original
decision after doing all the algebra. So it’s helpful to have
a “cheat sheet” written down that explicitly declares what
each of x and y represents. For example, you might write
“x = the number of cell phones of the first type sold,” and
a similar phrase for y.

This is especially true since there isn’t only one right way
to choose x and y; if you had wanted to let y stand for
the number of cell phones of the first type and x the
number of the second type, that would have been
another acceptable way to begin the same problem.
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3. Although this isn’t true in general, keep in mind that the
exercises in this section will always be creating a system
of two equations in two variables. So when deciding how
to express the problem’s information mathematically, it
may be helpful to start with the following template, and
just work on finding the correct values to fill in each
blank.

___ x + ___ y = ___

4. As you seek to fill in the blanks in the templates above
(or in any linear equation you create, in this section 
or any other), ensure that the units make sense when
you interpret the numbers as real-world quantities. 
For example, your textbook wrote the following two 
equations for Example 7.

x + y = 36

In English, you could read the first equation as saying
“the number of phones of the first type sold plus the
number of phones of the second type sold is the total
number of phones sold.” This is what the textbook is
expressing in blue boxes on page 166. This makes sense,
because units on both side of the equation are “number
of phones sold.”

The second equation’s units also agree, but it’s less 
obvious at first what those units are. The number 67 
is a number of dollars per phone, and x is a number of
phones, so when multiplied, they give a number of dol-
lars (of revenue on phones of the first type). Similarly,
100y is the total dollars of revenue on the second type 
of phone. So the second equation says the revenue on
phone type 1 plus the revenue on phone type 2 is the
total revenue.

As you inspect your equations to be sure the units 
make sense, do so in two ways. First, be sure that you
only add together units of the same type (e.g., don’t add
dollars to number of phones, but instead ensure you’re
adding dollars to dollars, or number of phones to another
number of phones). Second, be sure that you compare
only units of the same type (e.g., don’t write an equation
that says a number of phones equals a number of dol-
lars, but rather equate dollars with dollars, or number 
of phones with number of phones).
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ASSIGNMENT 14: SOLUTIONS OF
THREE EQUATIONS IN THREE
VARIABLES
Read this assignment. Then read pages 175–182 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

This section extends the same concepts from the previous
section to situations involving three variables and three equa-
tions. This allows you to solve a greater variety of real-world
problems; in fact, many real-world problems common in the
business world can be expressed and solved using systems 
of linear equations just like these, some with just a few vari-
ables and some with hundreds (solved by a computer).

There’s a reason that we’ll increase not only the number of
variables but also the number of equations. When we have
three variables, we’re considering points in three-dimensional
space rather than in the plane; this gives us much more free-
dom, much more space to “move around” in. As such, it’s not
possible to have just a single unique solution to the system of
equations unless more constraints are also added to balance

Self-Check 13

Reinforce and practice what you’ve just learned by working on problems 11, 21, 23, 31, 33, 45, 59,
and 63 on pages 171–173 of your textbook. Check your answers with those given at the back of your
textbook. If you find a mistake, analyze your work and review the related material in this study guide
and in your textbook.
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out the additional freedom we obtained by extending to three
dimensions. Thus, three variables with two equations never
can lead to just one solution, but three variables with three
equations can.

Figure 3-10 on page 176 in your textbook gives you a way to
picture the possible relationships among three equations in
three-dimensional space. It’s the 3D version of the two-
dimensional pictures in the yellow box on page 155. You 
may find it helpful to compare the two to see the analogy.

Solving Systems

The strategy for solving a system of three equations with
three variables is given on the bottom of page 176 in your
textbook. Both of the first two steps ask you to eliminate a
variable. By this, they mean that you should use the addition
method you learned in Section 3.2 to add two equations in
such a way that the coefficients on one of the variables 
cancel, leaving a two-variable-only equation.

If, as they ask, you do this in two different ways (steps 1 and
2) then you should end up creating two new equations in just
two variables. These two equations form a system you
learned how to solve in Section 3.2.

If you’re not sure which variable to eliminate first, choose z,
so that you end up with equations in just x and y, which will
seem most familiar to you from your work in Section 3.2.
However, there’s no mathematical need to solve for any par-
ticular variable first; you may choose whichever seems
easiest in the problem you’re facing.

Relationships in 3D

As was the case with systems of two equations, some systems
of three equations don’t have a single, unique solution. This
can happen in several ways.

1. As in the two-variable case, if you arrive at a mathe-
matical impossibility (as Example 2 in the book does),
the system has no solutions. Such a system is called 
inconsistent, just as it was in the two-variable case.
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2. If working with two equations leads you to a true 
statement with no variables, such as 6 = 6, you can’t
immediately conclude, as you did in the two-variable
case, that your system has infinitely many solutions.
What you can conclude is that the two equations you
were adding are dependent, and thus describe the same
plane, as shown in Figure 3-11(c) on page 179 in your
textbook. But their relationship to the remaining equa-
tion can still be any of the following three types; you can
check which one by using the addition method between
one of the original two equations and the third.

a. If doing so leads you to a mathematical impossibility,
such as 3 = 8, then the system of three equations is
inconsistent, as pictured in Figure 3-11(c). In this
case, there are no solutions.

b. If doing so leads you instead to a mathematical 
truth, such as –2 = –2, then all three equations are
coincident, as pictured in Figure 3-11(a). In this case,
there are infinitely many solutions.

c. If neither of the above two cases occur, you’ll instead
obtain a relationship among the variables that will
help you write out the form which a set of infinitely
many solutions (all along the same line) will take. For
an example of this, see Example 3 in your textbook,
and to picture it, see Figure 3-11(b).

Curve Fitting

In algebra, the letters a, b, and c are usually used to represent
constants, but the letters x, y, and z are used to represent
variables. So equations are solved for x, y, and z. But that’s
not what’s being asked of you when solving a curve-fitting
problem, which can make such problems seem unusual. In a
curve-fitting problem like Example 5, beginning on page 181
of your textbook, the a, b, and c are the unknowns, and a few
different (x, y) values are known, called the “data.” You wish
to find an a, b, and c that make the curve y = ax2 + bx + c fit
the given data.
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To do so, plug in the given data values for x and y, one pair
at a time, to the relationship y = ax2 + bx + c, yielding the
three equations shown at the top of page 182 of your text-
book. This is a system of three equations in three variables,
but the variables are not x, y, and z; they are a, b, and c,
because these are the unknowns for which we’re solving. If
this is disconcerting to you, you’re free to rewrite the system
by replacing a with x, b with y, and c with z, as long as you
remember that relationship and convert your final answer
back to the form a = ____, b = ____, c = ____ in the end.

a – b + c = 5 x – y + z = 5
a + b + c = 1 → rewriting    → x + y + z = 1
4a + 2b + c = 2 4x + 2y + z = 2

Self-Check 14

Reinforce and practice what you’ve just learned by working on problems 11, 13, 19, 23, 25, and 37
on pages 183–184 of your textbook. Check your answers with those given at the back of your text-
book. If you find a mistake, analyze your work and review the related material in this study guide
and in your textbook. 

ASSIGNMENT 15: SOLUTION 
BY MATRICES
Read this assignment. Then read page 185–192 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction
This section introduces yet another technique for solving sys-
tems of equations beyond those you learned in Sections 3.2 
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and 3.3. Although this seems like a lot of techniques, you’ll
see that this one gives you a few new capabilities you didn’t
learn with the earlier techniques.

The matrix solution technique follows these four steps:

1. Convert the system of equations into an augmented
matrix.

2. Perform Gaussian elimination to obtain zeros below the
diagonal.

3. Convert the matrix back into a system of equations, now
in a form that’s ready for step 4.

4. Perform back-substitution to obtain values for all variables.

Creating the Augmented Matrix

The first step asks you to create a matrix from the system of
equations. It’s called the “augmented” matrix for the system
because it’s a matrix of coefficients augmented by an extra
column of constants that come from the right-hand sides of
the equations.

Because they show up in every system of equations, the x’s,
y’s, z’s, and equals signs don’t provide any new information;
they can be seen as filler or boilerplate material. It’s the 
coefficients that make each system unique. The augmented
matrix retains just this important information that’s the
essence of the system, and omits all the boilerplate material.
On page 186, your textbook considers the system shown on
the left, below. The system is rewritten with all its coefficients
explicitly included (no hidden ones, no hidden signs) in the
center below, and bolded. It’s just those bolded numbers 
that form the augmented matrix for the system, shown on
the right below.
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Performing Gaussian Elimination

This is the lengthiest step of the four. You can see several
examples of it throughout Section 3.4 in your textbook. Keep
the following key facts in mind as you seek to imitate those
examples.

1. The only tools available to you are the three elementary
row operations listed in the yellow box on page 187 of
your textbook. You must use only these operations.
Think of them as the legal moves in a game; stepping
outside these rules will almost always bring an incorrect
answer.

2. The goal is to end up with a matrix with zeros below the
diagonal. In the following illustration, the main diagonal
is highlighted in bold, with the zeros you must obtain
highlighted by underlining.

Try to make each elementary row operation you use
move you closer to that goal.

3. There are many paths from the initial augmented matrix
to that goal. Your work may not follow exactly the same
sequence of steps as a solution shown in the textbook,
yet it still may be correct.

If you prefer a more formulaic approach to problem-solving,
and the open-endedness of Gaussian elimination isn’t your
cup of tea, you can look forward to Section 3.5. A very formu-
laic approach is right around the corner!

a
d

h

b c d
f g

i
0
0 0

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

Original system 
of equations

System with all 
coefficients and 
signs shown

Augmented matrix
for the system

x � 2y � z = 6

2x + 2y � z = 1

�x � y + 2z = 1

+1x � 2y � 1z = 6

+2x + 2y � 1z = 1

�1x � 1y + 2z = 1

1 2 1 6
2 2 1 1
1 1 2 1

� �

�

� �

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
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When performing Gaussian elimination, it’s strongly recom-
mended that you write a note of each step of your work, just
as your textbook does in its examples. For instance, if you
were doing Example 1 from the book on your own, don’t just
write a sequence of matrices, but put notes between them
saying which elementary row operations you used, as shown
below.

multiply row 1 by �2 and add it to row 2

multiply row 1 by 1 and add it to row 3

(and so on)

Although this may seem like unnecessary extra work, it will
be very beneficial when you return to check your work.
Especially if you later detect an error in your work, returning
to verify that you performed each elementary row operation
correctly is far harder if you don’t even know the operation
that you’re trying to check!

To keep your matrices as simple to work with as possible,
notice that Elementary Row Operation #2 can be very helpful
in eliminating fractions. You can use this row operation
before any others to remove fractional coefficients, by multi-
plying their row by the fraction’s denominator.

Back Substitution

The final step always begins with the final equation, which is
easy to solve because it contains only one variable, and thus
you quickly obtain the value for that variable. For example,
see how the authors know immediately that z = 1 on the top
of page 188 of your textbook.

1 2 1 6
0 6 1 11
0 3 1 7

� �

�

�

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

1 2 1 6
0 6 1 11
1 1 2 1

� �

�

� �

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

1 2 1 6
2 2 1 1
1 1 2 1

� �

�

� �

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
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Proceeding then to the equation before it (which has two vari-
ables), you can plug in the value of the variable you already
know, thereby reducing the equation to just one variable.
Thus equation (2) on page 188 has its z variable eliminated,
and it, too, becomes an equation with just one variable, and
therefore quite easy to solve.

Back substitution is this repeated process of moving up the
list of equations, plugging in all the values you’ve already
found, and thereby reducing each equation to one that has
only one variable, and so is easy to solve. Gaussian elimina-
tion is what put our system of equations in a form that’s
ready to solve by this easy process.

Variations

None of the earlier sections in this chapter told you how to
deal with a system of equations that had a different number
of equations than variables. Yet the matrix method works
just fine even in such cases.

Consider Example 2 in the textbook. It has two variables and
three equations, but applying Gaussian elimination shows
how it reduces to a two-equation system, with an unneces-
sary equation 0 = 0 at the end.

And Example 3 is its counterpart, in which the number of
variables (three) is greater than the number of equations
(two). In the end, a single solution couldn’t be obtained
because there aren’t enough constraints (only two, compared
to the freedom of three dimensions). Although the form of the
solution

may seem daunting, notice that it was obtained using the
same process of back substitution. The only difference was
that it wasn’t numbers being substituted, but two-term 
algebraic expressions.

− 4
3

1
3

1
3

5
3

+ +⎛
⎝⎜

⎞
⎠⎟

z z z, ,
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Although your textbook doesn’t show an example of using the
matrix method to solve a system with no solution, it’s dis-
cussed on page 189. If you would like an example to go with
their comments, consider the following one. Assume we’re
asked to solve the following system using the matrix method.

–2x + 4y = 7
x – 2y = 3

We create the following augmented matrix, then proceed with
Gaussian elimination.

multiply row 2 by 2 and add to row 1

We can already see a problem, because the first row in the
matrix corresponds to the equation 0 = 10, a false statement.
This indicates that the two equations are incompatible. When
we tried to solve them together, we ended up with a mathe-
matical impossibility. Thus the system has no solution.

0 0 10
1 2 3�

⎡
⎣⎢

⎤
⎦⎥

�

�

2 4 7
1 2 3

⎡
⎣⎢

⎤
⎦⎥

Self-Check 15

Reinforce and practice what you’ve just learned by working on problems 11, 13, 19, 23, 25, and 21,
23, 31, 37, 43, and 49 on pages 192–193 of your textbook. Check your answers with those given at 
the back of your textbook. If you find a mistake, analyze your work and review the related material
in this study guide and in your textbook.
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ASSIGNMENT 16: SOLUTION 
BY DETERMINANTS
Read this assignment. Then read pages 194–201 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

This final section of Chapter 3 teaches yet another technique
for solving systems of equations, called Cramer’s Rule. The
advantage of this technique is that it only involves plugging
into a formula; no creativity or strategizing is required. The
disadvantage is that the formulas are rather lengthy.

When taking an exam on Chapter 3, make sure that you’ve
mastered all the techniques taught in each of the chapter
sections. But when using these techniques in later work in
this course, you can choose whichever works best for you in
each problem you’re given.

Computing a Determinant

Let’s begin by reviewing the formulas for determinants from
your textbook. The 2 � 2 case is rather straightforward,
being a short formula.

The 3 � 3 determinant, however, is built up from three
terms, one for each column of the matrix. In each term, the
top element of the column is multiplied by the determinant of
its minor matrix. The minor matrix of an element is all ele-
ments in different rows and columns than the element. This
is illustrated below by highlighting in bold the top element in
each column separately, and highlighting the corresponding
minor matrices with underlining.

det a b
c d ad bc⎡

⎣⎢
⎤
⎦⎥

⎛
⎝
⎜
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d e f
g h i
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⎢
⎢
⎢

⎤

⎦

⎥
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d e f
g h i

b⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

a b c
d e f
g h i

⎡

⎣

⎢
⎢
⎢

⎤

⎦
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⎥
⎥
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The three terms so formed are combined with alternating
signs (+, –, +, –, ...) to create the final formula. That formula
is shown here using the same order and markings as above,
to show where each term comes from.

Cramer’s Rule for the 2 � 2 Case

In the two-variable, two-equation case, the system is of the
following form:

ax + by = e
cx + dy = f

Recall from Section 3.4, the difference between a coefficient
matrix and an augmented matrix. The augmented matrix has
the constants from the right-hand sides of the equations
added as a final column.

+ ⎡
⎣⎢

⎤
⎦⎥

⎡

⎣
⎢

⎤

⎦
⎥ + ⎡

⎣⎢
⎤
⎦⎥

a b ce f
h i

d f
g i

d e
g h−

Coefficient matrix Augmented matrix

a b
c d

⎡
⎣⎢

⎤
⎦⎥

a b e
c d f

⎡
⎣⎢

⎤
⎦⎥

Applying Cramer’s Rule to this size of problem requires three
computations, which your textbook calls D, Dx, and Dy. The
formula for D is straightforward; it’s the determinant of the
coefficient matrix, and thus D = ad – bc.

The formulas for Dx and Dy are slightly harder; they’re also
determinants of 2 � 2 matrices, but not of the coefficient
matrix alone. Dx is the determinant of the coefficient matrix
with the ef column in place of the x column, and Dy is the
determinant of the coefficient matrix with the ef column in
place of the y column.

Once these three computations are complete, the formulas
for the solution (x, y) of the system are quite straightforward.

D e b
f d ed bf D a e

c f af cex y= ⎡
⎣⎢

⎤
⎦⎥

⎛
⎝
⎜
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⎠
⎟ = = ⎡

⎣⎢
⎤
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⎛
⎝
⎜

⎞
⎠
⎟ =det det− −
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and , which you could also write as 

(x, y) = .

Cramer’s Rule for the 3 x 3 Case

As in the two-variable case, we still have a coefficient matrix
with an extra column that could be added to form an aug-
mented matrix. In the 3 � 3 case, it’s just that the matrices
are larger.

The formulas for the solutions are also the same as before,
just larger. Thus, D is still the determinant of the coefficient
matrix; the formula for such a determinant was reviewed ear-
lier in this section.

And Dx is still the determinant of the coefficient matrix, after
replacing the x column with the column of right-hand sides,
now the jkl column.  Similarly, Dy is the determinant of the
coefficient matrix with that column in place of the y column,
and similarly also for Dz.

As before, , , and now . x D
D

x= y
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D
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This can be summarized as (x, y, z) = .

No Solution, or Infinitely Many

The formulas given above assume there is a unique solution to
the system of equations. But as you know from earlier sections
in this chapter, sometimes there isn’t one unique solution.

Page 198 of your textbook tells you that the D from Cramer’s
Rule’s formulas indicates whether the system has a single
solution. If D isn’t zero, then you can use the formulas from
Cramer’s Rule to find the single, unique solution to the system.
It’s when D = 0 that you can’t use the formulas, because they
would involve division by zero, and thus there isn’t a single
unique solution to the system. In this D = 0 case, there are
two possibilities.

If all the other terms Dx, Dy, and (if in the three-variable case)
Dz are also zero, then the system is consistent, and there are
infinitely many solutions because there are dependent 
equations.

If even one of those other terms isn’t zero, the system is
inconsistent, and thus has no solutions.

D
D

D
D

D
D

x y z, ,
⎛

⎝
⎜

⎞

⎠
⎟

Self-Check 16

Reinforce and practice what you’ve just learned by working on problems 11, 21, 31, 37, 41, 49, and
55 on pages 202–203 of your textbook. Check your answers with those given at the back of your
textbook. If you find a mistake, analyze your work and review the related material in this study guide
and in your textbook.
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ASSIGNMENT 17: 
LINEAR INEQUALITIES
Read this assignment. Then read pages 208–217 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

This assignment introduces the foundation properties and
symbols related to inequalities. You’ll also be solving linear
inequalities. If you feel comfortable in your understanding of
solving equations, you shouldn’t have much difficulty with
solving inequalities.

At the end of this assignment, you’ll examine compound
inequalities. How do you know you’re dealing with a compound
inequality? You’ll see more than one inequality symbol. There
are two types of compound inequalities: those involving “and”
and those involving “or.” When dealing with a compound
inequality without the “and” or “or,” you should assume it 
to be an “and.”

Inequalities

Inequalities involve the comparison of values that aren’t
equal. When two values are compared and one is larger than
the other, you’re dealing with an inequality. The standard
symbols used to clearly define this sort of comparison are
presented in the shaded box at the bottom of page 209.
Study these symbols carefully and be sure you’re familiar
with them before you continue your study of inequalities.

To read inequalities, work from left to right just as if you
were reading a sentence. Here are a few examples of how 
to read inequalities:

n 3 > –2 Three is greater than negative two.

n 5 � 4 Five is greater than or equal to four.
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n 8 	 8 Eight is less than or equal to eight.

n 7 � 6 Seven is not equal to six.

For more examples, see the shaded box on page 209.

Properties of Inequalities

Pages 210–211 present five properties of inequalities. Read
them carefully and be sure you understand them. This 
material is basic to the work you’ll be doing with inequalities.

Linear Inequalities

You’re now going to solve some inequalities and present the
results in set-builder and interval notation.

Let’s start with the following inequality:

4x + 2 > 14

1. Subtract 2 from both sides.

4x + 2 – 2 > 14 – 2

4x > 12

2. Divide both sides by 4.

x > 3

3. Express the solution in set-builder notation.

{x|x > 3}

4. Express the solution in interval notation. Note: This is an
unbounded interval.

(3, �)

Here’s another example:

–2(x + 5) 	 –12

1. Distribute the –2 through the quantity (x + 5).

–2x – 10 	 –12

4
4

12
4

x >
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2. Add 10 to both sides.

–2x – 10 + 10 	 –12 + 10

–2x 	 –2

3. Divide both sides by –2.

	

x � 1

Note: The inequality sign changed direction because of
the division to both sides by a negative value.

4. Express the solution in set-builder notation.

{x|x � 1}

5. Express the solution in interval notation. Note: this is an
unbounded interval.

[1, �)

Be sure to review the examples in your textbook (pages 211–214)
for an extensive discussion of these topics. Pay particular
attention to how inequalities are graphed on a number line.

Compound Inequalities Involving “And”

A compound inequality is one that’s a combination of two
inequalities. Here’s an example:

0 < x < 6

This compound inequality is made up of two inequalities: 
0 < x and x < 6. To read this compound inequality, you would
say, “Zero is less than x and x is less than 6.” Notice the use
of the word and in this inequality.

To solve a compound inequality, use the same methods that
you used for solving standard inequalities. That is, you seek
to isolate the variable. When you were working with standard
inequalities, you isolated the variable by performing the 
same operations to both sides of the inequality. To solve a

−
−
2
2
x −

−
2
2
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compound inequality, you must perform the same operation
to all three parts. Keep in mind that you’re seeking the 
common interval of two solution sets. Here’s an example: 

x + 12 < 4x – 3 < x + 15

1. Set up the inequality you’re given.

x + 12 < 4x – 3 < x + 15

This compound inequality says that the expression 
x + 12 is less than the expression 4x – 3 and the 
expression 4x – 3 is less than x + 15.

2. To isolate x, first subtract x from all three parts.

x + 12 – x < 4x – 3 – x < x + 15 – x

12 < 3x – 3 < 15

You’ve removed the x from the left and right expressions
in the inequality.

3. Add 3 to all three parts.

12 + 3 < 3x – 3 + 3 < 15 +3

15 < 3x < 18

4. Divide 3 into all three parts.

< < 

5 < x < 6

This is your solution.

5. Write the solution in set-builder notation.

{x|5 < x < 6}

Carefully study this example, along with Examples 3 and 4
on pages 214–214 of your textbook. Pay particular attention
to the way these compound inequalities are graphed on the
number line.

15
3

3
3
x 18

3



Lesson 2 89

Compound Inequalities Involving “Or”

A compound inequality involving “or” is also known as a
union and often uses the symbol �. When solving this type of
compound inequality, keep in mind that you’re unifying the
intervals of both solution sets. Solve both separately, and
then unify the solution sets. Here’s an example:

–2x < –12 or 3x < –9

1. Set up the inequality you’re given.

–2x < –12 or 3x < –9

2. To solve the left side of the inequality, divide both sides
by –2.

< 

x > 6

3. To solve the right side of the inequality, divide both sides
by 3.

< 

x < –3

4. Put the two solutions together.

x > 6 or x < –3

5. Write the solution in set-builder notation.

{ x|x > 6 or x < –3}

Problem Solving

Many real-world situations can be represented as inequali-
ties. When you’re trying to solve for an unknown quantity in
this sort of situation, it’s of great benefit if you’re able to set
up an inequality. Here’s an example.

3
3
x −9

3

−
−
2
2
x −

−
12
2
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Two times an unknown quantity is greater than 12. Find 
the interval of possibilities that when substituted for the
unknown quantity would make the statement true.

1. Set up the statement as an inequality, using x as the
unknown quantity.

2x > 12

2. To isolate x, divide both sides by 2.

> 

x > 6

3. Write the solution in set-builder notation.

{x|x > 6}

Refer to pages 215–217 in your textbook for more examples
of this sort of problem.

2
2
x 12

2

Self-Check 17

Reinforce and practice what you’ve just learned by working on problems 5, 9, 13, 17, 19, 23, 27, 31,
39, 43, 45, 49, 51, and 59 on pages 217–219 of your textbook. Check your answers with those given
on page 165 of this study guide. If you find a mistake, analyze your work and review the related
material in this study guide and in your textbook.
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ASSIGNMENT 18: EQUATIONS
AND INEQUALITIES WITH
ABSOLUTE VALUES
Read this assignment. Then read pages 221–230 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

This assignment revisits the concept of absolute value. The
ideas discussed will be very useful when dealing with both
inequalities and absolute value. Keep in mind that absolute
value refers to the distance a particular value is from 0 on
the real number line.

Absolute Value

When solving an equation involving an absolute value,
remember that you must take into account both sides of 0
represented on a number line. As we just mentioned, the
absolute value of a number is the distance that number is
from 0 on the number line. Here’s an example: |x| = 2.

What value plugged in for x would make this a true state-
ment? Well, two values would do it: x = –2 and x = 2. Both
values are true because –2 and 2 are a distance of 2 units
from 0 on the number line. One of these equations takes into
consideration the negative side of 0, and one takes into con-
sideration the positive side.

Here’s another example: |x| + 4 = 8. What value plugged in
for x would make this a true statement? Solve this expression
much the same way you would solve an equation without an
absolute value. The only difference is that you must set up
two equations because of the absolute value. One equation
takes into account the negative (–) side of 0, and one takes
into account the positive (+) side of 0. Let’s do it. 

1. Set up the expression you’ve been given.

|x| + 4 = 8
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2. To isolate the absolute value portion of the equation,
subtract 4 from both sides.

|x| + 4 – 4 = 8 – 4

|x| = 4

3. Create the two solutions.

x = –4 and x = 4

Absolute Value Functions

The basic absolute value function is f(x) = |x|. When graphed
on the Cartesian coordinate system, its vertex, or minimum
point, is at the origin (0, 0). The y-axis splits it into to sym-
metrical parts in quadrants I and II.

The absolute value function f(x) = |x| – 2 is a translation, or
transformation, of f(x) = |x|. Its vertex is at (0, –2).

Study pages 222–226 for more examples of this sort of 
function.

Inequalities Involving Absolute Values

When solving inequalities that involve absolute values, you
must remember that two inequalities need to be set up from
the original. One of those inequalities represents the negative
side of 0 on the number line, and the other represents the
positive side of 0. The inequality that represents the positive
side is just the original without the absolute value bars. The
inequality that represents the negative side is the original
without the absolute value bars and the original inequality
symbol flipped to its opposite position.

Note: Whenever you multiply or divide both sides of an
inequality by a negative, the inequality sign “flips” to it 
opposite position. 

When you set up two inequalities, you’re actually dealing with a
compound inequality. How do you know if it’s an “and” or an
“or”? That’s quite simple. If the original inequality has a 
< or a 	 symbol, you can be sure you’re dealing with an
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“and” statement. If the original inequality has a > or a �
symbol, then you can be sure you’re dealing with an “or”
statement. Let’s try this example:

|4x – 2| � 10

1. Set up the expression you’ve been given.

|4x – 2| � 10

2. Set up two inequalities from the original representing
both sides of 0.

4x – 2 � 10 or 4x – 2 	 –10

3. To isolate x, add 2 to both sides of the two inequalities.

4x – 2 + 2 � 10 + 2 or 4x – 2 + 2 	 –10 + 2

4x � 12 or 4x 	 –8

4. Divide both sides of each inequality by 4.

� or 	

x � 3 or x 	 –2

5. Write the solution in set-builder notation.

{x|x 	 –2 or x � 3}

4
4
x 12

4
4
4
x −8

4

Self-Check 18

Reinforce and practice what you’ve just learned by working on problems 11, 13, 17, 19, 23, 25, 33,
39, 47, 49, 61, 63, 75, 79, 95, and 101 on pages 231–233 of your textbook. Check your answers
with those given at the back of your textbook. If you find a mistake, analyze your work and review
the related material in this study guide and in your textbook.
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ASSIGNMENT 19: 
LINEAR INEQUALITIES 
IN TWO VARIABLES
Read this assignment. Then read pages 234–238 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

When working with linear inequalities in two variables, you’ll
graph them on the Cartesian coordinate system. One of the
variables will be associated with the x-axis, and the other will
be associated with the y-axis. You can also find solutions for
a system of compound inequalities using the Cartesian coor-
dinate system. First let’s discuss some foundation principles
regarding linear inequalities in two variables.

Graphing Linear Inequalities

The inequalities you’ll study in this section are linear and
have two variables. Therefore, they can easily be graphed on
the Cartesian coordinate system. You would graph them just
as you would linear equations, with one exception. The line
you draw representing the inequality will be either solid or
dashed.

n Use a dashed line if the points on the line are not part of
the solution set for the inequality.

n Use a solid line if the points on the line are part of the
solution set.
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Once you’ve drawn the boundary line (either dashed or solid),
then shade the area on one side of the boundary—the area
that represents the inequality. Here’s how to determine which
area to shade:

1. Pick any point that’s not on the boundary. (If the origin
isn’t on the boundary, that’s the easiest one to work
with.) Let’s work with the inequality in Example 1 on
page 235. Since your textbook chooses the origin (0, 0),
let’s pick another point—say, (4, 0).

2. Substitute the values in the inequality.

2x – 3y < 6

2(4) – 3(0) < 6

8 – 0 < 6

8 < 6

Since this point doesn’t satisfy the inequality, you know 
you should shade the area on the other side of the equation,
as in Figure 4-25(a). If the point you select does satisfy the
inequality, then shade the part of the graph that contains 
the point.

Graphing Compound Inequalities

As you’ve already learned, compound inequalities are those
with more than one inequality involved. When graphing this
type of situation, you must graph both inequalities on the
same Cartesian coordinate system. The type of compound
inequality you’re dealing with defines what region(s) on your
graph have solutions.

n If your compound inequality is an “and,” the points that
solve the inequality are in the area where the solutions
for both inequalities overlap.

n If your compound inequality is an “or,” the points that
solve the inequality are in the areas where solutions for
either inequality exist.
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ASSIGNMENT 20: 
SYSTEMS OF INEQUALITIES
Read this assignment. Then read pages 242–245 in your text-
book, Algebra for College Students. Complete the “Self Checks”
as you come to them in the textbook. The answers are given at
the end of each textbook section.

Introduction

This assignment deals with systems of inequalities. The 
concepts are quite similar to those discussed in the previous
assignment. Look at this as an expansion of the ideas 
regarding graphing compound inequalities.

Systems of Inequalities

A system of linear inequalities is a group of linear inequalities
that you solve at the same time. When working with systems
of inequalities, you can apply the principles discussed in
Assignment 20 regarding the graphing of compound 
inequalities.

Self-Check 19

Reinforce and practice what you’ve just learned by working on problems 5, 9, 11, 19, 23, 27, and 33
on pages 239–240 of your textbook. Check your answers with those given at the back of your text-
book. If you find a mistake, analyze your work and review the related material in this study guide
and in your textbook.
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Systems of inequalities are made up of at least two inequali-
ties. You’re looking for the solution to the system, which
means your reference is to each inequality and the way in
which they relate to one another.

You must first identify whether your system is an “and” or 
an “or.”

n If the system is an “and,” graph each linear inequality on
the same Cartesian coordinate system and shade in the
areas that represent the solutions for each. The areas
where solutions for all individual inequalities overlap
represent the solutions for the entire system.

n If the system is an “or,” graph each linear inequality on
the same Cartesian coordinate system and shade in the
areas for each solution. Any area where a solution is
found for any linear inequality in the system is an area
where a solution would be found for the entire system.

For more on systems of inequalities, study Examples 1–4 on
pages 242–245.

Self-Check 20

Reinforce and practice what you’ve just learned by working on problems 7, 9, and 19 on page 246 
of your textbook. Check your answers with those given at the back of your textbook. If you find a
mistake, analyze your work and review the related material in this study guide and in your textbook.

When you feel confident that you understand the material in
Lesson 2, complete the examination.
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Polynomials and
Polynomial Functions

ASSIGNMENT 21: POLYNOMIALS
AND POLYNOMIAL FUNCTIONS
Read this assignment. Then read pages 265–272 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

Polynomials are the basic building blocks of many endeavors
within the world of algebra. This assignment, along with all of
the others in this lesson, provides a means for you to develop
a sound understanding regarding polynomials. Specifically,
you’ll learn the terminology of polynomials, and you’ll study
how to evaluate and graph your results.

Polynomials

The first thing you must do is become familiar with important
terms and concepts that help to define the structure of 
polynomials.

A polynomial is composed of variables and real numbers
called terms. Each variable has a factor of some numerical
value associated with it. This value is called a coefficient.
For example, 3x is a term in which 3 is the coefficient of the
variable x. If a variable has no coefficient, the coefficient is
assumed to be 1. For example x is the same as 1x, and 
x + 3y is the same as 1x + 3y. In any polynomial, terms are
separated from each other by either a plus sign (+) or a
minus sign (–).

A polynomial might be called by three specific names, depending
on the number of terms contained in the polynomial. Regardless
of the specific name you give a particular polynomial, you
can still refer to it as a polynomial.
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n Monomial refers to a polynomial with one term (for 
example, 2xy2).

n Binomial refers to a polynomial with two terms (for 
example, –4x2 + 2).

n Trinomial refers to a polynomial with three terms (for
example, 12x2y – 5xy3 + 9).

If a polynomial has more than three terms, you simply call it
a polynomial.

Carefully study the material on pages 266–267 under the
heading “Polynomials.” Be sure you understand the terms
described in this information.

Degree of a Polynomial

Each term in a polynomial has a degree, which is identified
by the exponential value of its variable. If more than one vari-
able makes up a term, then you would add the exponential
values of those variables to determine the degree of the entire
term. For example, the degree of 2x3 is 3; the degree of 3x2y3

is 5 (2 + 3); the degree of 9xy is 2 (1 + 1).

To determine the degree of a polynomial, you must first find
the degree of each term in the polynomial. Whichever term
has the highest degree represents the degree of the entire
polynomial. Here are some examples:

n 2xy2 is a monomial with a degree of 3.

n –4x2 + 2 is a binomial with a degree of 2.

n 12x2y – 5xy3 + 9 is a trinomial with a degree of 4.

Evaluating Polynomial Functions

You’ve already learned about functions. You’re now going to
evaluate a polynomial function at a specific value of its vari-
able. Here’s an example:

for f(x) = 2x2 + 3x – 5, find f(3).

1. Set up the function you’ve been given.

f(x) = 2x2 + 3x – 5
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2. Substitute 3 for the value of x.

f(3) = 2(3)2 + 3(3) – 5

= 2(9) + 9 – 5 

= 18 + 9 – 5 

= 27 – 5 

= 22

The answer is 22. That is, f(3) = 22. You can indicate this
relationship as a point in this manner: (3, 22).

Graphing Polynomial Functions

To graph a polynomial function, you must create a table that
includes values for the independent variable (x) and the cor-
responding values for the dependent variable (y). Once you
create a balanced array of points that accurately represents
your function, you plot them on a Cartesian coordinate sys-
tem. Connect those points you plotted and you have a visual
representation of your polynomial function.

Review the graph examples on pages 270–271, which illus-
trate how to graph the functions of polynomials.

Self-Check 21

Reinforce and practice what you’ve just learned by working on problems 11, 15, 19, 23, 25, 31, 39,
47, 49, 59, and 61 on pages 272–273 in your textbook. Check your answers with those given at the
back of your textbook. If you find a mistake, analyze your work and review the related material in
this study guide and in your textbook.
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ASSIGNMENT 22: ADDING AND
SUBTRACTING POLYNOMIALS
Read this assignment. Then read pages 275–278 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

In this assignment, you’ll work with methods used to combine
and simplify polynomials. The rules applied in this assignment
are those you’ve already used, so you should be able to
understand this material with little difficulty.

Combining Like Terms

Remember that a term is composed of real numbers (coeffi-
cients) and variables. Like terms are those that have the 
same variable(s) raised to the same power(s). 

Here are some examples:

n 2x and 3x are like terms because they have the same
variable raised to the same power.

n 2x2 and 3x aren’t like terms. Although they have the
same variable, they aren’t raised to the same power.

n 2xy3 and 3xy3 are like terms because they have the same
variables and the variables are raised to the same power.
Both x variables are raised to the first power and both y
variables are raised to the third power.

When you determine that you have like terms, you should
then combine them, using the signs (plus and minus) to
determine the operation you’ll perform to combine them. 
Here are two rules to remember:

1. If the like terms have the same sign, add their coefficients
and take the common sign for the sum.
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2. If the like terms have different signs, subtract the term
with the smaller absolute value from the term with the
larger absolute value. For the difference, take the sign of
the term that has the larger absolute value.

Here are some examples:

2xy3 + 3xy3 –5a2b – 6a2b 7r3 – 9r3

= (2 + 3)xy3 = (–5 – 6)a2b = (7 – 9)r3

= 5xy3 = –11a2b = –2r3

You may also encounter situations in which you must dis-
tribute a factor through a quantity first and then combine
like terms. In this sort of situation, you might find both sums
and differences of like terms. Here’s an example:

–2(3y3z – 4y2z2 + 5yz3) + 3(y3z + 2y2z2 – 6yz3) 

= –6y3z + 8y2z2 – 10yz3 + 3y3z + 6y2z2 – 18yz3

= –3y3z + 14y2z2 – 28yz3

Self-Check 22

Reinforce and practice what you’ve just learned by working on problems 11, 13 19, 23, 27, 31, 33,
35, 43, 47, 53, and 57 on pages 278–279 in your textbook. Check your answers with those given at
the back of your textbook. If you find a mistake, analyze your work and review the related material
in this study guide and in your textbook.
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ASSIGNMENT 23: 
MULTIPLYING POLYNOMIALS
Read this assignment. Then read pages 280–287 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

You’re now going to study a set of principles that are very
important and commonplace in the world of algebra. When
dealing with algebraic expressions, you must be well versed
in the ways of multiplying and factoring polynomials. In this
assignment, you’ll concentrate on multiplying polynomials.

In addition to learning the basic multiplication techniques for
polynomials, you’ll also study some shortcut methods that
you should use when you’re multiplying certain types of poly-
nomials. These methods will allow you to arrive at the desired
products, but with fewer steps. The fewer steps you use, the
more quickly you’ll arrive at the product and the less chance
you’ll make an error. At the end of this assignment, you’ll
also use polynomials in application problems as well as learn
how to multiply expressions that aren’t polynomials.

Multiplying Monomials

When multiplying monomials and binomials, remember that
you add the exponents of like bases being multiplied. Another
important point to remember is that you multiply every term
of one expression by every term of the other and then sim-
plify by combining like terms.

As you’ve already learned, monomials are polynomials with
one term. If you’re multiplying two monomials, all you do is
multiply the coefficients and the like variables. Remember to
follow the rules applying to signs. Here are a couple of 
examples:

1. Multiply the two monomials shown below.

(2x3y4z2)(–3x2y2z4)
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2. Multiply the coefficients (2 and –3) and multiply the like
variables. Remember that to multiply variables, you add
their exponents.

= (2)(–3)(x3+2y4+2z2+4)

= –6x5y6z6

1. Multiply the two monomials shown below.

(4ab2c3)(7abc4)

2. Multiply the coefficients (4 and 7) and multiply the like
variables. Remember that a variable with no exponent
has an understood exponent of 1.

= (4)(7)(a1+1b2+1c3+4)

= 28a2b3c7

Make sure you understand this process of multiplication. For
more examples, study “Multiplying Monomials” on page 281
of your textbook.

Multiplying a Polynomial by a Monomial

You’ve just learned how to multiply two monomials. If you
must multiply a monomial by a polynomial of any size, sim-
ply multiply each term in the polynomial by the monomial.
Here’s an example of multiplication involving a monomial and
a trinomial: (2x3y)(3x2 + 2xy – 5y2).

1. Set up the problem.

(2x3y)(3x2 + 2xy – 5y2)

2. Multiply the monomial (2x3y) by each term in the 
trinomial.

= (2)(3)x3+2y + (2)(2)x3+1y1+1 – (2)(5)x3y1+2

= 6x5y + 4x4y2 – 10x3y3

For more examples, see page 281 in your textbook.
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Multiplying a Polynomial 
by a Polynomial

Multiplying polynomials isn’t difficult, but you do have to be
careful. The more terms you have, the easier it is to make a
mistake. So far, you’ve been dealing with multiplication prob-
lems in which at least one of the factors is a monomial. Now
you’re going to examine how to solve a problem in which you
must multiply polynomials, both of which have more than
one term.

On page 282, your textbook illustrates two different methods
of multiplying one polynomial by another. Each works well, but
you may find one easier to use than the other. Practice with
both methods until you feel comfortable with one of them.

The FOIL Method

The FOIL method is a convenient way to multiply two binomials.
FOIL is an acronym that stands for First, Outer, Inner, Last.
These words indicate the way in which you should multiply
the terms of two binomials.

Let’s look at an example of how this works.

1. Multiply the following two binomials.

(3x – 8y)(4x – 2y)

2. Begin with F in the FOIL method and multiply the first
terms in each binomial.

(3x)(4x) = 12x2

3. Move on to the O in FOIL and multiply the two outer
terms.

(3x)(–2y) = –6xy

4. Next, complete the I in FOIL and multiply the two inner
terms.

(–8y)(4x) = –32xy

5. Finally, complete the L in FOIL and multiply the last
terms in each binomial.

(–8y)(–2y) = 16y2
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6. Combine the terms you calculated in each of the steps.

12x2 – 6xy – 32xy + 16y2

= 12x2 – 38xy + 16y2

You don’t necessarily have to be preoccupied with following
the FOIL method. If you remember to multiply every term of
one expression by every term of the other, you’ll get the cor-
rect answer. Just remember to be careful, watch the
exponents, and be sure to combine like terms at the end.

Your textbook provides several examples of the FOIL method
on page 283.

Special Products

Although you can always use the standard method for multi-
plying polynomials (that is, multiply every term in one
expression by every term in the other expression), there are
some shortcuts you can use to save yourself time.

Squaring a Binomial

Suppose you have to find (2a + 3b)2. This problem involves
finding the square of the binomial 2a + 3b. Let’s first solve
this problem with the FOIL method.

1. Set up the problem.

(2a + 3b)2

= (2a + 3b)(2a + 3b)

2. Multiply the first terms in each binomial. This step
involves the F in FOIL.

(2a)(2a) = 4a2

3. Multiply the two outer terms (the O in FOIL).

(2a)(3b) = 6ab

4. Multiply the two inner terms (the I in FOIL).

(3b)(2a) = 6ab

5. Multiply the two last terms (the L in FOIL).

(3b)(3b) = 9b2
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6. Combine the terms you calculated in each of the steps.

4a2 + 6ab + 6ab + 9b2

= 4a2 + 12ab + 9b2

Now let’s look at a shortcut method to square a binomial.
We’ll use the same binomial.

1. Set up the problem.

(2a + 3b)2

2. Square the first term of the binomial.

(2a)(2a) = 4a2

3. Multiply the first and second terms and then multiply
the result by 2. Use the sign of the second term.

2(2a 
 3b) = 2(6ab) = 12ab

You now have 4a2 + 12ab

4. Square the last term of the binomial and add it to the
other terms

(3b)(3b) = 9b2

4a2 + 12ab + 9b2

Notice that this second method uses only 4 steps as opposed
to the 6 steps necessary in the FOIL method.

Multiplying a Binomial with a Sum 
and a Difference

The second shortcut you’ll learn involves finding the product
of two binomials that are identical except for their signs—for
example (3x + 4y)(3x – 4y). The only thing different between
these two binomials is their signs. One has a plus sign and
the other, a minus sign.

You could use the FOIL method to multiply these two expres-
sions, but that would be using the long way. To see the
difference, let’s find the product of these two binomials first
with the FOIL method and then with the shortcut method.

1. Set up the problem.

(3x + 4y)(3x – 4y)
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2. Multiply the first terms in each binomial. This step
involves the F in FOIL.

(3x)(3x) = 9x2

3. Multiply the two outer terms (the O in FOIL).

(3x)(–4y) = –12xy

4. Multiply the two inner terms (the I in FOIL).

(4y)(3x) = 12xy

5. Multiply the two last terms (the L in FOIL).

(4y)(–4y) = 16y2

6. Combine the terms you calculated in each of the steps.

9x2 – 12xy + 12xy – 16y2

= 9x2 – 16y2

The answer is 9x2 – 16y2. Notice that the two outer terms
and two inner terms (–12xy and 12xy) cancel out. Keep that
in mind as you study the following shortcut method for mul-
tiplying two binomials that are the same except for their
signs.

1. Set up the problem.

(3x + 4y)(3x – 4y)

2. Multiply the first terms in each binomial.

(3x)(3x) = 9x2

3. Multiply the last terms in each binomial.

(4y)(4y) = 16y2

4. Subtract the product of the last terms from the product
of the first terms.

9x2 – 16y2

Notice that you get the same product both times, but the 
second method is much faster.
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Your textbook presents further examples of these special
products. Carefully study pages 284–285. When you feel 
confident that you understand how to multiply polynomials,
study page 286, which illustrates some practical applications
of these principles. Finally, study the material on “Multiplying
Expressions That Are Not Polynomials” on pages 286–287. If
you need to review how to work with variables with negative
exponents, study the material on pages 31–33 of your textbook.

Self-Check 23

Reinforce and practice what you’ve just learned by working on problems 17, 21, 35, 39, 49, 55, 61,
67, 71, 77, 81, 87, 93, 97, 103, and 109 on pages 288–289 in your textbook. Check your answers
with those given at the back of your textbook. If you find a mistake, analyze your work and review
the related material in this study guide and in your textbook.

ASSIGNMENT 24: THE GREATEST
COMMON FACTOR AND 
FACTORING BY GROUPING
Read this assignment. Then read pages 291–297 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

In this assignment, you’ll learn how to find the prime factors
of a natural number. This process leads to the method for
factoring out the greatest common factor of an algebraic
expression.
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Prime-Factored Form of a 
Natural Number

To break a natural number into its prime factors isn’t very
difficult if you know what a prime number is. In Assignment 1,
you learned that a prime number is one that has only two
factors: itself and 1. In other words, a prime number is
evenly divisible only by itself and by 1. Here are a few 
examples:

n The number 2 is a prime number because only the 
values of 2 and 1 divide evenly into it.

n The number 3 is a prime number because only the 
values of 3 and 1 divide evenly into it.

n The number 5 is a prime number because only the 
values of 5 and 1 divide evenly into it.

Now that you know what a prime number is, study the three
problems in Example 1 on pages 291–292. Make sure you
understand how to find the greatest common factor (GCF) of a
group of numbers. The greatest common factor is the largest
natural number that divides evenly into a group of numbers.

Example 2 on page 292 illustrates how to find the GFC of a
group of algebraic monomials. Study this example carefully
before you move on.

Factoring Out the 
Greatest Common Factor

Now, suppose you need to find the greatest common factor of
an algebraic expression. Your textbook (page 292) explains
how to find the greatest common factor of 6x5y3 – 8x3y6. Let’s
do this problem together.

1. Set up the problem.

6x5y3 – 8x3y6

2. Factor each monomial.

6x5y3 = 2 
 3 
 x 
 x 
 x 
 x 
 x 
 y 
 y 
 y

8x3y6 = 2 
 2 
 2 
 x 
 x 
 x 
 y 
 y 
 y 
 y 
 y 
 y
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3. Find the greatest common factor of these two monomials.
Both share the factor 2, three x’s, and three y’s. Therefore,
the greatest common factor is 2x3y3.

4. Find what’s left in each monomial when you take out the
factor 2x3y3.

a. In 2 
 3 
 x 
 x 
 x 
 x 
 x 
 y 
 y 
 y, you’re left with 
3 
 x 
 x, or 3x2.

b. In 2 
 2 
 2 
 x 
 x 
 x 
 y 
 y 
 y 
 y 
 y 
 y, you’re left
with 2 
 2 
 y 
 y 
 y, or 4y3.

5. Set the GCF up outside a set of parentheses with the
remainders inside the parentheses with their original
sign.

2x3y3(3x2 – 4y3)

To check to see if your factoring is correct, perform the 
multiplication 2x3y3(3x2 – 4y3). The product should be your
original expression 6x5y3 – 8x3y6.

Your textbook provides a number of other examples to illus-
trate factoring out the greatest common factor in algebraic
expressions. Carefully study Examples 3–9 on pages
293–295.

Factoring by Grouping

Factoring by grouping focuses on an algebraic expression
with four terms. If you’re asked to factor an expression with
four terms, you should start thinking about the distinct pos-
sibility that you’ll use grouping to factor. First, of course, 
you must find the GCF for all four terms. If the terms have
no GCF, then you can look for common factors in two or
more of the terms.

Let’s consider an example. Suppose you’re asked to factor the
expression 2xy + 4y + 3xz + 6z.

1. Set up the expression.

2xy + 4y + 3xz + 6z

2. Look for a GCF. Although the four terms have no common
factor, the first two have the common factor 2y, and the
last two have the common factor 3z.
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3. Group the two terms with the common factor and then
factor it out.

(2xy + 4y) + (3xz + 6z)

2y(x + 2) + 3z(x + 2)

4. Notice that the factored groups have a common factor of
(x + 2). Factor out this expression. The result is

(2y + 3z)(x + 2)

For more examples study the information under “Factoring
by Grouping” on pages 295–296 of your textbook.

Self-Check 24

Reinforce and practice what you’ve just learned by working on problems 13, 17, 23, 25, 27, 29, 35,
39, 47, 57, 71, 77, 85, 91, 103, 109, and 115 on pages 297–299 in your textbook. Check your
answers with those given at the back of your textbook. If you find a mistake, analyze your work 
and review the related material in this study guide and in your textbook.

ASSIGNMENT 25: THE DIFFERENCE
OF TWO SQUARES; THE SUM AND
DIFFERENCE OF TWO CUBES
Read this assignment. Then read pages 300–305 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

In this assignment, you’ll continue your study of factoring 
by examining special forms such as perfect squares and the 
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difference of two squares. You’ll also learn how to factor the
sum and difference of two cubes. Finally, at the end of the
assignment, you’ll work with another variation of factoring by
grouping.

Perfect Squares

A perfect square is an integer that’s the square of some other
integer. For example, 64 is a perfect square because it’s the
square of another integer—in this case, 8. In other words, 
82 = 64.

Algebraic expressions can also be perfect squares. An alge-
braic expression that can be factored as the square of some
other expression is a perfect square. For example, the expres-
sion 4x4y6 is a perfect square because it’s the same as
(2x2y3)2.

Your textbook (page 300) gives you a very helpful tip. “All
exponential expressions that have even-numbered exponents
are perfect squares.” Therefore, x4 is a perfect square because
x4 = (x2)2. The expression y12 is a perfect square because y12

= (y6)2.

The Difference of Two Squares

The term difference of two squares refers to a situation in
which one perfect square is subtracted from another perfect
square. One example is a4 – b6. You know that both a4 and b6

are perfect squares, and you can see that one is subtracted
from the other. Therefore, the expression a4 – b6 is an example
of the difference of two squares.

Now, the question is how do you factor the difference of two
squares? It’s rather easy. Take the square root of both sides
and then set it up as two expressions—one with a plus sign
and one with a minus sign. Here’s an example. Factor the
expression 81x2 – 144y2.

1. Set up the expression.

81x2 – 144y2
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2. Determine if it’s the difference of two squares. The
answer is yes, because the first term is the perfect
square of 9x, and the second term is the perfect square
of 12y.

3. Take the square root of both sides and set it up as two
expressions—one with a plus sign and one with a minus
sign.

(9x + 12y)(9x – 12y)

Reinforce your understanding of factoring the difference of
two squares by studying Examples 1–5 on pages 301–302.

The Sum and Difference of Two Cubes

Before you begin to work with the sum and difference of two
cubes, you must be sure you can recognize a perfect cube. A
perfect cube is an integer that’s the cube of some other num-
ber. For example, 8 is a perfect cube because it’s the cube of
another integer—in this case, 2. In other words, 23 = 8.

Algebraic expressions can also be perfect cubes. An algebraic
expression that can be factored as the cube of some other
expression is a perfect cube. For example, the expression
8x12y6 is a perfect cube because it’s the same as (2x4y2)3.

When you have either the addition or subtraction of two
cubes, you’re dealing with a special form known as the sum 
of two cubes and the difference of two cubes respectively.
Once you identify that you’re working with either of these 
two special forms, you can begin to factor it. As you’ve
already learned, when you factor the sum or difference of 
two squares, the result is two binomials. However, when 
you factor the sum or difference of two cubes, the result is 
a binomial and a trinomial.

Your textbook explains the factoring process on pages
303–305. We provide one example here for you. Suppose you
want to factor the algebraic expression 27a3 + 8b3. Notice,
first of all that this expression is the sum of two cubes. Now
let’s factor the expression.

1. Set up the expression.

27a3 + 8b3
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2. To create the first expression in the factor (that is, the
binomial), take the cube root of the first term and the
cube root of the second term. For the sign of the second
term in the binomial, use the same sign as in the origi-
nal expression. Therefore, the first factor is

(3a + 2b)

3. To determine the second factor (a trinomial), proceed as
follows:

a. For the first term in the trinomial, square the first
term in the binomial. The first term in the trinomial
is (3a)2. After this term, place the opposite sign from
the one you used in the binomial. So far, your trino-
mial looks like this:

(3a)2 –

b. For the second term in the trinomial, multiply the
first and second terms of the binomial you just cre-
ated. After this term, place the same sign as that in
the binomial. Your trinomial now looks like this:

(3a)2 – 6ab +

c. For the third and final term in the trinomial, square
the second term of the binomial. Your completed 
trinomial looks like this:

(3a)2 – 6ab + (2b)2

4. Perform the multiplication in the trinomial and then put
both expressions together.

(3a + 2b)(9a2 – 6ab + 4b2)

To reinforce your understanding of factoring either the 
sum or difference of two cubes, study Examples 6–11 on
pages 303–305.

Factoring by Grouping

You’ve already learned how to factor by grouping. In this sec-
tion of your textbook (page 305), you’ll learn how to factor by
grouping in expressions involving exponents.
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ASSIGNMENT 26: 
FACTORING TRINOMIALS
Read this assignment. Then read pages 308–316 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

In this assignment, you’ll deal solely with factoring various
types of trinomials. 

Factoring Trinomials with 
Lead Coefficients of 1

Trinomials are created when two binomials are multiplied.
Therefore, if you factor a trinomial, you can expect the result
to be two binomials.

The steps for factoring trinomials with lead coefficients of 1
are listed in the box on page 309. Let’s use those steps to
factor the trinomial z2 + 3z – 18.

1. Write the trinomial in descending powers of one variable.
Since the trinomial z2 + 3z – 18 is already written in
descending powers of z, you can move to Step 2.

Self-Check 25

Reinforce and practice what you’ve just learned by working on problems 11, 15, 17, 23, 27, 31, 33,
37, 41, 45, 49, 57, 63, and 73 on page 306 in your textbook. Check your answers with those given
at the back of your textbook. If you find a mistake, analyze your work and review the related mate-
rial in this study guide and in your textbook.
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2. List the factorizations of the third term of the trinomial
(18). The factorizations are 18(1), 9(2), and 6(3).

3. Pick the factorization where the sum of the factors is the
coefficient of the middle term. The factorization 6(3)
meets the criteria because 6 + (–3) = 3, the coefficient of
the middle term.

4. Write the factors.

z2 + 3z – 18 = (z + 6)(z – 3)

Let’s perform this same operation in a different manner.

1. Write the trinomial in descending powers of one variable.
The trinomial z2 + 3z – 18 is already written in descend-
ing powers of z.

2. Factor the first term in the trinomial and set the factors
up as the first terms in the two binomials.

(z )(z )

3. Add the signs after these two terms. To determine the
signs, look at the trinomial. The last sign is negative. The
only way you can get a negative sign is if one factor is
positive and the other is negative.

(z +        )(z –        )

4. List the factorizations of the third term of the trinomial
(18). The factorizations are 18(1), 9(2), and 6(3).

5. Pick the factorization where the sum of the factors is the
coefficient of the middle term. The factorization 6(3)
meets the criteria because 6 + (–3) = 3, the coefficient of
the middle term.

6. Write the factors.

z2 + 3z – 18 = (z + 6)(z – 3)

You now have two different, but similar, ways to produce the
same results. Remember that you’re working with trinomials
with lead coefficients of 1.

Now, let’s check the results of the factoring using the FOIL
method.

(z + 6)(z – 3)

= z2 + 6z – 3z –18

= z2 + 3z – 18
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Since multiplying the two factors results in the original trino-
mial, you know your work is correct. If the check doesn’t
work, you must go back to your factoring to see where you
made your mistake. Maybe you used the wrong signs in the
factors, or maybe you chose the wrong set of factorizations.
Once you rework the factoring, check it again.

This process of factoring trinomials may seem complicated
right now. However, as you work with this type of problem,
you’ll find that you develop a sort of insight that allows you
to know which values and signs to use and where you should
place them.

Factoring Trinomials with Leading
Coefficients Other Than 1

When factoring a trinomial that has a lead coefficient other
than 1, the process becomes a little more complicated
because you now have to factor the coefficient, along with the
variable and the third term of the trinomial. Your textbook
gives a clear example of how to do this (pages 310–311).
Study this example carefully and make sure you understand
the process.

And don’t forget to check your work. Remember that you can
be sure your factoring is correct by multiplying the factors. If
you get the original trinomial as the product, you know your
work is correct.

Test for Factorability

The test for factorability tells you whether a trinomial can 
be factored. The test, which is rather easy, is outlined on
pages 311–312. Study this process; then carefully review 
the steps in the process of factoring a trinomial (page 313).
Finally, study Examples 6–8 until you’re sure you under-
stand the process of factoring.



Intermediate Algebra120

Using Substitution to Factor Trinomials

If you have a trinomial that includes the same expression
(like a – b) in two different terms, then you can substitute a
variable for these expressions to make the process more
manageable. Study Example 9 on page 315 to see how this
process works.

Factoring by Grouping
As you’ve already learned, grouping can help when you’re
factoring a four-termed polynomial. So far, you’ve learned
how to group the first two and the last two terms. Now,
you’re going to see how you can group the first three terms.
Let’s look at an example. Suppose you need to factor the
polynomial b2 – 2b + 1 – c2.

1. Set up the expression.

b2 – 2b + 1 – c2

2. Group the first three terms and factor them.

b2 – 2b + 1

= (b – 1)(b – 1)

Notice that (b –1)(b – 1) is the same as (b – 1)2.

3. Substitute (b – 1)2 in the original expression.

(b – 1)2 – c2

Notice that this expression is the difference of two
squares. The term (b – 1)2 is a perfect square, and the
term c2 is a perfect square.

4. Factor this difference of two squares as shown here.

(b – 1 – c)(b – 1 + c)

Your textbook provides other examples on pages 315–316.
Review them carefully.
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ASSIGNMENT 27: SOLVING EQUA-
TIONS BY FACTORING
Read this assignment. Then read pages 323–328 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

In the last few assignments, you’ve been studying various
methods used to factor algebraic expressions. You can also
use factoring to solve algebraic equations. You’ll begin with
solving quadratic equations and then higher-degree polyno-
mial equations. Let’s get to it.

Solving Equations by Factoring

The general form for a quadratic algebraic expression is 
ax2 + bx + c. To make that into a quadratic equation, you
simply set it equal to 0: that is, ax2 + bx + c = 0. Next, factor
the expression on the left-hand side of the equal sign. The
result is a factored expression set equal to 0. When you have
this situation, you can apply the zero-factor property, which
states that “if the product of two or more numbers is 0, then

Self-Check 26

Reinforce and practice what you’ve just learned by working on problems 11, 13, 17, 21, 25, 33, 39,
41, 47, 53, 59, 61, 77, 83, 91, 99, 103, 107, and 111 on pages 317–318 in your textbook. Check
your answers with those given at the back of your textbook. If you find a mistake, analyze your work
and review the related material in this study guide and in your textbook.
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at least one of the numbers must be 0. When you use the
zero-factor property, you set each of the factors equal to 0
and then solve for the variables in each of those equations.

Here’s an example. Suppose you must solve the quadratic
equation x2 – 12x + 35 = 0.

1. Set up the equation.

x2 – 12x + 35 = 0

2. Factor the left side of the equation—that is, the 
trinomial.

(x – 7)(x – 5) 

3. Set each of these factors equal to 0 and solve for the
variable.

x – 7 = 0 x – 5 = 0

x = 7 x = 5

The values of 7 and 5 are the solutions to the equation.

Solving Higher-Degree 
Polynomial Equations

Here’s an example of how to solve a higher-degree equation.
Suppose you must solve the equation z4 – 17z2 + 16 = 0.

1. Set up the equation.

z4 – 17z2 + 16 = 0

2. Factor the left side of the equation.

(z2 – 1)(z2 – 16) = 0

Since both of the factors represent a difference of two
squares, they can be factored further.

3. Factor each of the first two factors.

(z + 1)(z – 1)(z + 4)(z – 4) = 0

4. Set each of these factors equal to zero and solve for the
variable.

z + 1 = 0 z – 1 = 0 z + 4 = 0 z – 4 = 0

z = –1 z = 1 z = –4 z = 4

Each of these results is a solution to the original equation.
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Self-Check 27

Reinforce and practice what you’ve just learned by working on problems 5, 7, 9, 15, 23, 29, 39, 45,
55, 59, 63, and 69 on pages 329–330 in your textbook. Check your answers with those given at the
back of your textbook. If you find a mistake, analyze your work and review the related material in
this study guide and in your textbook.

When you feel confident that you understand the material in 
Lesson 3, complete the examination.
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Rational Expressions

ASSIGNMENT 28: RATIONAL
FUNCTIONS AND SIMPLIFING
RATIONAL EXPRESSIONS
Read this assignment. Then read pages 339–348 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

In this lesson, you’re going to examine rational expressions,
which aren’t much different from many of the expressions
you’ve already studied in this course. Once you learn a few
unique tendencies of rational expressions, you’ll see that
most of the operations and analyses involved are pretty 
much the same as you’ve used in earlier assignments.

Rational Expressions

Rational expressions are fractions that have polynomials in
both the numerator and the denominator. All of the rules
that apply to fractions with integers in the numerator and
denominator apply to rational expressions as well. So, if you
understand how to add, subtract, multiply, divide, and
reduce fractions of a more traditional sort, you shouldn’t
have much trouble with performing these functions with
rational expressions.

Rational Functions

A rational function is a function with a rational expression as
part of it. Just like the functions you’ve already studied,
rational functions are two dimensional. They include an 
independent variable and a dependent variable. Rational
functions can be graphed on the Cartesian coordinate 
system.
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When graphing rational functions, you must be prepared to
understand certain tendencies. Two in particular are vertical
and horizontal asymptotes. Read about these two tendencies
on page 341 of your textbook.

Finding the Domain and 
Range of a Rational Function

As you’ve already learned, the value that you plug into a
function is the domain, or independent variable; what you 
get out of the function is the range, or dependent variable.

Whenever you’re dealing with a fraction in which variables
are part of the denominator, you need to be aware of any
restrictions on the variable. A restriction is a value that when
plugged into the variable in the denominator, results in a
denominator equal to 0. This can’t be allowed because a 
fraction with a denominator of 0 is undefined. As you’ve
already learned, a fraction is a division problem—and you
can’t divide by 0.

Restrictions might apply to the range as well. Once again, it’s
very important that you identify any values that would give
you 0 as the denominator when plugged in for the domain.
Here’s an example:

f(x) = 

The domain restriction for this expression is x � –2. If x = –2,
then the denominator would equal 0.

It’s a common practice to indicate the domain in set-builder
notation: {x|x � –2}. 

Before going on, review Examples 1 and 2 on pages 341–342
in your textbook.

2 1
2

x
x

+
+
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Simplifying Rational Expressions

Because rational expressions are basically fractions, you
must reduce them to lowest terms, just as you would with
standard fractions. Simplifying rational expressions is the
same as reducing fractions. First, make sure that all alge-
braic expressions are factored completely. Then you can
determine what you can cancel. Here’s an example. Simplify
the rational expression

1. Set up the problem.

2. Find the prime factorization of the numerator and 
the denominator.

3. Divide out the common factors. The result is

Here’s another example. Simplify the expression .

1. Set up the problem.

2. Completely factor both the numerator and 
the deonominator.

3. Divide out the common factors. The result is
1

2x −

x
x x

+ 2
2 2( )( )− +

x
x

+ 2
42 −

x
x

+ 2
42 −

ab
2

2 2
2 2 2
• • • • • • •

• • • • • •
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4
8
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2
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4
8
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2

a b c
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Reinforce your understanding of these concepts by reviewing
the corresponding examples on pages 344–347 in your text-
book. Pay particular to the method for factoring out –1 
(pages 345–347).

Probability

Use of the probability theory can be traced back to the early
days of gambling in Europe. The foundation principles were
used by astute gamblers to set up scenarios in which the
odds were in their favor. Since then, probability theories have
been developed to the point at which almost every segment of
society uses them to better predict and/or understand out-
comes. All possible outcomes must be equally likely to occur
for these concepts to be applicable.

The foundation principle can be defined by a simple ratio:

P(E) = 

in which P = the probability of something occurring

E = an event that occurs s times

s = the number of successes

n = the total number of possibilities

Here’s a simple example. Suppose you have a standard deck
of playing cards. If you draw one card from the deck, what is
the probability that the card will be a 2? To set up the for-
mula properly, you must know that a standard deck has 52
cards, and four of these cards are 2s. Therefore, you would
set up the probability formula as follows:

P(E) = 

P = 

= 

The probability of choosing a 2 from a deck of 52 cards 
is 1 in 13.

For another example of an application of the probability 
formula, study Example 8 on page 348.

4
52

1
13

s
n

s
n
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ASSIGNMENT 29: 
PROPORTION AND VARIATION
Read this assignment. Then read pages 352–360 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

In this assignment, you’ll study how to make comparisons in
a mathematical context. You’ll begin with ratios and then
build to proportions. You’ll also learn how to make compar-
isons between similar triangles. To complete the assignment,
you’ll study different types of variation, including direct,
inverse, joint, and combined variation.

Ratios

A ratio represents a relationship between two or more things.
A ratio is often represented as a fraction, which as you know,
is a division problem.

Suppose a school has 207 students and 9 teachers. What is
the ratio of teachers to students? This ratio can be expressed
as the fraction 9/207, which would be read as “the ratio of 9

Self-Check 28

Reinforce and practice what you’ve just learned by working on problems 5, 7, 11, 15, 17, 21 23, 27,
29, 33, 49, 59, 63, 71, 75, 81, 83, 91, 99, 101, 103, and 107 on pages 349–351 in your textbook.
Check your answers with those given at the back of your textbook. If you find a mistake, analyze
your work and review the related material in this study guide and in your textbook.
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(teachers) to 207 (students). This fraction, however, can be
reduced to 1/23, which means that this particular school has
a ratio of 1 teacher for every 23 students. 

Proportions

A proportion is two ratios set equal to one another. An exam-
ple of a proportion is 12/24 = 4/8.

To test to see if a proportion is a true statement, you can
cross-multiply. To understand the process of cross multipli-
cation, you must be familiar with the terms extremes and
means. Consider the proportion 12/24 = 4/8. In this proportion,
the extremes are 12 and 8 and the means are 24 and 4. In
cross multiplication, you multiply the extremes together and
the means together. If the products are the same, you know
that the proportion is a true statement. Therefore, in 12/24 =
4/8, you would multiply the extremes (12 � 8 = 96) and the
means (24 � 4 = 96). Since the products are the same (that
is, equal), the proportion is a true statement.

You’ll often encounter algebraic expressions written as pro-
portions. In such cases, you can use cross multiplication to
solve for the unknown variable. Cross multiplication results
in an equation that’s in a form easier to manipulate.
Consider this example. Solve for x in the following proportion:

1. Set up the equation.

2. Cross multiply.

(2x + 3)(x + 4) = (x)(2x)

2x2 + 3x + 8x + 12 = 2x2

3. Simplify the expression.

2x2 – 2x2 + 11x = –12

11x = –12

x = −12
11

2 3 2
4

x
x

x
x

+ =
+

2 3 2
4

x
x

x
x

+ =
+
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Similar Triangles

Similar triangles are triangles in which two angles of one 
triangle equal two angles of the other triangle. In such 
triangles, the corresponding sides of the triangles are propor-
tional. Therefore, the sides can be set equal to one another as
ratios in an equation.

To understand the proportions involved in similar triangles,
read the material in “Similar Triangles” on pages 354–355 of
your textbook. Pay particular attention to the similar trian-
gles illustrated in Figure 6-4 and carefully study Example 4.

Direct Variation

Direct variation exists when the dependent variable in an
equation changes in the same way as the independent vari-
able. For example, consider the following equation:

D = KF 

in which D = the dependent variable

K = the constant

F = the independent variable

In this equation, if F increases, then D will also increase. If F
decreases, then D will also decrease.

However, there’s more to it than just increasing and decreas-
ing. The dependent variable increases (or decreases) directly
as the independent variable increases or decreases. If the
independent variable becomes twice as large, the dependent
variable also becomes twice as large. If the independent vari-
able becomes four times as large, the dependent variable
becomes four times as large.

Read “Direct Variation” in your textbook (pages 355–357) for
more discussion on this type of variation.



Intermediate Algebra132

Inverse Variation

Inverse variation is the opposite of direct variation. In direct
variation, both the dependent and independent variable
increased and decreased together at the same rate. In inverse
variation, the reverse is true. When the independent variable
increases, the dependent variable decreases. Likewise, when
the independent variable decreases, the dependent variable
increases. Several examples of inverse variation are presented
in your textbook on pages 357–359.

Joint Variation

Joint variation can be either direct or inverse, but not both
simultaneously. The distinguishing trait of this type of varia-
tion is that it exists when the dependent variable is affected
by more than one independent variable. All of the independ-
ent variables involved in a particular equation affect the
dependent variable either directly or inversely. Study the
example of joint variation on pages 359–360.

Combined Variation

Combined variation exists when there’s a combination of
direct and inverse variation. Consider the following equation:

D = 

in which D = the dependent variable

K = the constant of variation

F = the independent variable that affects D directly

G = the independent variable that affects D inversely

In this equation, D varies directly with F and inversely with G. 

For a good example of combined variation, study Example 8
on page 360 of your textbook.

KF
G
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ASSIGNMENT 30: MULTIPLYING
AND DIVIDING RATIONAL
EXPRESSIONS
Read this assignment. Then read pages 365–371 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

This assignment covers the multiplication and division of
rational expressions. If you’re able to multiply and divide
basic fractions, you should have little difficulty with this
assignment because the rules are basically the same.

Multiplying Rational Expressions

As you’ve already learned, to multiply two fractions, you 
simply multiply the numerators and then multiply the
denominators to create a new fraction. To complete the 
multiplication, reduce the new fraction (the product), if 

Self-Check 29

Reinforce and practice what you’ve just learned by working on problems 13, 15, 17, 19, 23, 25, 29,
35, 39, 41, 43, 47, 49, 51, 53, and 55 on pages 361–362 in your textbook. Check your answers with
those given at the back of your textbook. If you find a mistake, analyze your work and review the
related material in this study guide and in your textbook.
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possible. This same rule applies to rational expressions.
Here’s an example. Find the product of the following two
rational expressions: 

.

1. Set up the problem.

2. Multiply the numerators together and the denominators
together.

= 

3. If possible, simplify the product. In this case the x2 in
the numerator and the x2 in the denominator cancel. 
The result is

If the rational expression is more complex, see if you can 
factor any expressions in both the numerator and the
denominator. Once you’ve completed all possible factoring,
you can then cancel like expressions that occur in both the
numerator and the denominator. Then multiply the numera-
tors together and the denominators together. The result is
your product. Except for the factoring, this process is the
same as the preceding one. Here’s an example. Perform this
multiplication: 

.

1. Set up the problem.

2
3

x
x

x
x

•

2x x
x x

•
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2. Factor all possible expressions.

3. Cancel like expressions that occur in both the numerator
and the denominator. In this case, the expression (x + 2)
and the expression 2x occur in both the numerator and
the denominator. When these terms are canceled, the
result is

Review these concepts further by analyzing similar exercises
on pages 366–368 in your textbook.

Dividing Rational Expressions

When you divide rational expressions, you should follow 
the same rules as you do for dividing fractions. That is, you
should invert the divisor, change the division sign to a multi-
plication sign, and then complete the multiplication as you
did in the previous examples. Here’s an example. Perform
this division: 

.

1. Set up the problem.

2. Invert the divisor and change the sign to a 
multiplication sign.

3. Wherever possible, factor the expressions.

2
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4. Cancel like expressions that occur in both the numerator
and the denominator. In this case, the expression (x + 2)
and the expression (x + 5) occur in both the numerator
and the denominator. When these terms are canceled,
the result is

= 

For more examples of how to divide rational expressions,
study pages 368–370.

Mixed Operations

Some problems involve both multiplication and division of
rational expressions. In such cases, the same rules apply.

1. Set up the problem.

2. Invert the divisor and change the division sign to a 
multiplication sign.

3. Factor all possible expressions.

4. Cancel like expressions.

See Example 7 on page 370 for an example.

x x
x

2

2

7 10
3

+ +
( )−

( )( )
( )( )
x x
x x

+ +2 5
3 3− −

Self-Check 30

Reinforce and practice what you’ve just learned by working on problems 5, 7, 13, 17, 21, 23, 27, 31,
37, 41, 45, 49, 51, 57, and 61 on pages 371–372 in your textbook. Check your answers with those
given at the back of your textbook. If you find a mistake, analyze your work and review the related
material in this study guide and in your textbook.
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ASSIGNMENT 31: 
ADDING AND SUBTRACTING
RATIONAL EXPRESSIONS
Read this assignment. Then read pages 373–380 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

You’ve just completed your study of simplifying, multiplying,
and dividing rational expressions. In this assignment, you’ll
focus on adding and subtracting rational expressions. The
rules for adding and subtracting normal fractions also apply
to rational expressions.

Adding and Subtracting Rational
Expressions with Like Denominators

You know that to add or subtract normal fractions, the
denominators must be the same—that is, they must be like
fractions. The same holds true for rational expressions. Once
you determine that the denominators are the same, you can
combine the terms in the numerators and then simplify, if
possible.

See Example 1 on page 374 for illustrations of adding and
subtracting fractions and rational expressions.

Adding and Subtracting Rational
Expressions with Unlike Denominators

If you find that you’re working with rational expressions that
don’t have like denominators, then you must change each
expression so that all have the same common denominator.
For some examples of how to do this, study pages 375–376.
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Finding the Least Common Denominator

To add (or subtract) two or more rational expressions, you
may have to find the LCD (least common denominator) 
of the group and then change all expressions to reflect this
denominator. Once all of the expressions have the same
denominator, you can combine like terms in the numerators.
Here’s an example. Add these rational expressions: 

1. Set up the problem.

2. To find a common denominator, factor the denominator
in each expression.

The common denominator is (x + 2)(x + 4), because 
both of the original denominators divide evenly into 
this expression.

3. Change each expression to reflect the new common
denominator. Do this just as you would with normal
fractions. That is, divide each denominator into the 
common denominator. Then multiply the result by 
the numerator. Place this product over the common
denominator.

4. Combine the terms of the numerators.
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If you’re dealing with subtraction, the same steps apply,
except that you would subtract numerators instead of adding
them. For more illustrations of finding the least common
denominator, study Examples 5–7 on pages 377–379 of 
your textbook.

Self-Check 31

Reinforce and practice what you’ve just learned by working on problems 5, 7, 9, 15, 21, 25, 31, 39,
47, 53, 55, 61, 63, 73, 81, and 87 on pages 380–382 in your textbook. Check your answers with
those given at the back of your textbook. If you find a mistake, analyze your work and review the
related material in this study guide and in your textbook.

ASSIGNMENT 32: 
COMPLEX FRACTIONS
Read this assignment. Then read pages 383–390 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

This assignment pulls together the rules and methods you’ve
been studying in the previous few assignments regarding
rational expressions. This is an opportunity for you to practice
all you’ve learned. Let’s get to it.
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Simplifying Complex Fractions

When working with complex fractions, you’re dealing with
mathematical situations that simultaneously involve addition,
subtraction, multiplication, and division in one expression. In
some expressions, you may have a rational expression (that
is, a fraction) as the numerator and another rational expres-
sion as the denominator. Here’s an example:

When dealing with a complex fraction like this, first combine
the rational expressions in the numerator so that you have
just one rational expression. Then do the same in the denom-
inator. Once you’ve combined the expressions in both the
numerator and the denominator, you’re left with a division
problem. The rational expression in the numerator is divided
by the rational expression in the denominator. Remember: To
solve a division problem of this sort, you must convert it into
a multiplication problem. Organization of your terms is very
important, given the potential for an involved set of steps.
Let’s simplify the fraction in the example above.

1. Set up the problem.

2. Find the common denominator of the numerator and
combine the terms. The common denominator for the
numerator in this problem is xy.

= 

2 2
x y
x
y

y
x

+

−

2 2
x y
x
y

y
x

+

−

( )( ) ( )( )2 2y x
xy
+

2 2y x
xy
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3. Find the common denominator of the denominator and
combine the terms. The common denominator for the
denominator in this problem is also xy.

= 

4. Set up the numerator and denominator as a division
problem.

5. Invert the divisor and change the division sign to a 
multiplication sign.

6. Factor the rational expressions.

7. Cancel like terms that occur in both the numerator and
the denominator. In this case, the terms xy and (x + y)
occur in both the numerator and the denominator. The
result is

For more examples of simplifying complex fractions, study
pages 384–390 in your textbook.
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ASSIGNMENT 33: EQUATIONS
CONTAINING RATIONAL 
EXPRESSIONS
Read this assignment. Then read pages 393–399 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

This assignment extends your study of rational expressions.
You’ll now focus on equations that include such expressions.
These problems aren’t very difficult if you keep in mind the
basic principles regarding equations. The textbook includes
many examples, including one with a formula, to help you
understand how to solve equations that have rational 
expressions.

Solving Rational Equations

A rational equation is an equation that includes one or more
rational expressions. When you’re working with this type of
equation, the objective is to solve for the unknown variable.
In this assignment, you’ll be dealing with rational expressions
(fractions) as the terms in equations.

Self-Check 32

Reinforce and practice what you’ve just learned by working on problems 5, 11, 13, 15, 19, 23, 27,
29, 35, 39, 43, 51, 53, 59, and 61 on pages 390–392 in your textbook. Check your answers with
those given at the back of your textbook. If you find a mistake, analyze your work and review the
related material in this study guide and in your textbook.
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You’ll find these equations easier to solve if you find the LCD
of all terms involved and then multiply the entire equation by
that LCD. Doing so will transform the equation into an equiv-
alent one in which all terms have a denominator of 1, and
therefore your equation will have no fractions. Most would
agree that the transformed state is an easier one to work
with. You can then follow the procedures you’ve already
learned to solve for the unknown variable.

Here’s an example of a solution of a rational equation: 

. Solve this equation for x.

1. Set up the problem.

2. Determine the LCD. In this case, the LCD is

(x + 4)(x – 4).

3. Multiply both sides of the equation by the LCD.

(x + 4)(x – 3) = (x – 4)(x – 5)

4. Multiply the terms on each side of the equation.

x2 + x – 12 = x2 – 9x + 20

5. Move all of the terms containing the variable x to one
side of the equation and all of the constants to the other
side of the equation.

x2 – x2 + x + 9x = 20 + 12

6. Simplify both sides of the equation.

10x = 32

7. To find the value of x, divide both sides of the equation
by 10.

x = 

= , or 3.2
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Remember: One of the nice things about algebra problems is
that you can check to see if your work is correct. To check
the accuracy of the solution 3.2, simply insert this value for x
in the original equation. If your solution is correct, both sides
of the equation should be equal.

Study the examples on pages 393–399.

Self-Check 33

Reinforce and practice what you’ve just learned by working on problems 5, 9, 15, 19, 23, 27, 31, 35,
41, and 43 on pages 400–401 in your textbook. Check your answers with those given at the back of
your textbook. If you find a mistake, analyze your work and review the related material in this study
guide and in your textbook.

ASSIGNMENT 34: 
DIVIDING POLYNOMIALS
Read this assignment. Then read pages 403–407 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

In this assignment, you’ll examine the division of polynomi-
als. If you understand how to divide real numbers, then you
shouldn’t have much difficulty. The rules are basically the
same. 
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When dividing polynomials, you’ll be applying rules you
already know regarding the division of real numbers. You’re
still dealing with a dividend, a divisor, and a quotient. 
Now, however, these elements aren’t real numbers; they’re
polynomials.

Dividing a Monomial by a Monomial

Suppose you have a division problem that’s written as a 
fraction in which both the dividend (numerator) and divisor
(denominator) are monomials. In such a case, you can simply
reduce the fraction to its lowest terms. Here’s an example.
Perform this division: 

1. Set up the problem.

2. Factor the numerator and the denominator.

3. Divide out all common factors.

, or 

Dividing a Polynomial by a Monomial

If your dividend is larger than a monomial and your divisor is
a monomial, you can rewrite the division problem so that
each term in the dividend has its own divisor. Then reduce
each term to its lowest terms. Here’s an example. Perform
this division: 

.

1. Set up the problem.

1
2
b
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2. Rewrite the problem so that each term in the numerator
has its own common divisor.

3. Reduce each term to its lowest terms.

2y2z3 + 3y3z4 – 8

Dividing a Polynomial by a Polynomial

If both the dividend and the divisor are larger than a 
monomial, you must treat the problem as long division. 
For several examples of how this division is performed, 
study pages 404–406.

Remember that you can check your division to make sure
that your answer is correct. Simply multiply the divisor by
the quotient and add the remainder (if any). If your work is
correct, your result should be the original dividend.

10
5

15
5

40
5

3 4 4 5y z
yz

y z
yz

yz
yz

+ −

Self-Check 34

Reinforce and practice what you’ve just learned by working on problems 7, 11, 19, 23, 29, 35, 43,
49, 53, 57, and 61 on pages 408–409 in your textbook. Check your answers with those given at the
back of your textbook. If you find a mistake, analyze your work and review the related material in
this study guide and in your textbook.

When you feel confident that you understand the material in
Lesson 4, complete the examination.
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Radicals and Rational
Exponents

ASSIGNMENT 35: RADICAL
EXPRESSIONS
Read this assignment. Then read pages 418–428 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

For several chapters now, you’ve studied polynomials and
expressions built up using polynomials. Polynomials are 
built up using only the four basic operations of arithmetic—
addition, subtraction, multiplication, and division (if we
count exponents as just repeated multiplication). Therefore,
you could say that your past several chapters have been 
taking these basic operations of elementary school math and
studying them in far greater depth than you ever did in ele-
mentary school. But now it’s time to move beyond these basic
operations, for there’s much more to mathematics than just
addition, subtraction, multiplication, and division.

Square Roots of Numbers

Back on page 47 of your textbook, you learned that an equa-
tion’s solution is sometimes called a “root.” And so square
roots get their name because they solve equations containing
only a square; one solution to the equation x2 = 5 is the
square root of 5, written . Although every positive real
number has not just one square root but two, the radical
sign always indicates the positive square root. So there
are actually two solutions to the equation x2 = 5; they are

and – , the first positive and the second negative. You
won’t be solving equations in this way until Chapter 8, but
these are mentioned here as background for the nature of the
term “square root.”

55

5
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Your textbook explains on page 421 that is an irrational

number, but it doesn’t say why. You may have guessed why

yourself, since you learned a procedure in Chapter 3 for con-

verting repeating decimals into rational numbers. Every

rational number comes from such a repeating decimal, but

the decimal expansion of contains no repeating pattern.

Thus the technique you learned in Chapter 3 doesn’t apply; it

can’t be written as a ratio , because it’s irrational.

Example 2 in your textbook shows the square roots of several
numbers, but doesn’t show how those roots were computed.
The technique they expect you to use is found in the com-
ment immediately preceding Example 2: Write the contents of
the radical as a number times itself, and then you know the
square root. So, for example, where your book authors’ write

they could have shown more steps by writing

The first step was to write as the product of a number

with itself, and then that number must be the square root.

Although it isn’t necessary to show this step in your work, it

demonstrates what technique the textbook expects you to use

when simplifying square roots of numbers.

1
4

1
4

1
2

1
2

1
2

= =• .

1
4

1
2

=

a
b

11

11



Lesson 5 149

Square Roots of Variables 

This section in your textbook is short and straightforward,
but contains one of the most frequently forgotten facts of
algebra—so don’t miss it! It’s very tempting to think that
squares and square roots simply cancel, like this:

(INCORRECT!)

In reality, x2 will always be positive (because even a negative
squared becomes positive) and the radical sign, as mentioned
above, always indicates the positive square root. Thus 
will always be positive, even if x is negative. In fact, it com-
putes the absolute value of x. So instead of the above
mistake, you should always simplify as shown here:

= |x| (CORRECT!)

This section and those to come have many problems for
which you’ll need to remember this fact.

It’s admittedly confusing, because squares and square roots
do indeed cancel in the other order, as shown here:

This is because in order to take the square root in the first

place, x must already be positive, and thus no absolute val-

ues are needed to tell these two situations apart. Remember

when you need the absolute values, just ask yourself the

question, “What if x = –1?” You can see that in the first situa-

tion, , and so an absolute value has 

been performed. However, the second situation, , does

not even permit x = –1 (at least, not until imaginary numbers

are briefly introduced in Section 7.7).

x( )2

x 2 21 1 1= = =( )−

x 2

x x( ) =
2

x 2

x x2 =
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Other Roots

When your book introduces cube roots, the confusion just
described doesn’t arise. Cube roots don’t change the sign of
the number inside the radical, as shown here:

43 = 64, and so 

(–4)3 = –64, and so 

Therefore cubes and cube roots do indeed cancel in the easy,
natural way you would expect:

and 

In general, when the power involved is even (like 2 in the
case of squares and square roots), the absolute value rule
mentioned above is in force, but when the power involved is
odd (like 3 in the case of cubes and cube roots), no absolute
values are necessary.

Another contrast between square and cube roots is shown in
the example of –64 above; cube roots of negative numbers
can be computed, whereas their square roots can’t. (Or
rather, their square roots aren’t real numbers, and require a
new number system, as you’ll learn in Section 7.7.)

In summary, when n is an even power, you need to remem-
ber that , but in all other cases, nth powers
combined with nth roots simply cancel.

Applications

To demonstrate that square (and other) roots aren’t just an
interesting mathematical oddity, but have practical value,
your book introduces two applications, the pendulum from
physics and the standard deviation from statistics. The 
standard deviation is a measure of variability, which is very
useful because variability can be interpreted as unpre-
dictability, or risk, a very important topic in mathematical
finance.

When computing standard deviation, I suggest making a
table as shown on page 427 of your textbook. Although your
textbook does its work using a formula, the table can be very

x xnn =

x x3
3( ) =x x33 =

− −64 43 =

64 43 =



Lesson 5 151

helpful for keeping your work organized and allowing you to
go back and check it more easily. If you choose to use a table
for computing standard deviation, use the following process:

1. Write the data in column 1.

2. Put the average of column 1 in every cell of column 2.

3. Put the difference of columns 1 and 2 in column 3.
(It doesn’t matter in what order you subtract; sign is
irrelevant here.)

4. Square each number in column 3 to produce each entry
in column 4.

5. Compute the average of this final column and take its
square root.

The answer from step 5 is the standard deviation. Note that
the average of column 4 will always be a nonnegative, so
you’ll always be able to compute its square root. (Can you see
why it is guaranteed to be nonnegative?)

Self-Check 35

Reinforce and practice what you’ve just learned by working on problems 25, 29, 31, 33, 45, 49, 63,
67, 69, 75, and 81 on page 429 of your textbook. Check your answers with those given at the back
of your textbook. If you find a mistake, analyze your work and review the related material in this
study guide and in your textbook.
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ASSIGNMENT 36: APPLICATIONS
OF RADICALS 
Read this assignment. Then read pages 431–435 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

Arguably the most well-known theorem in mathematics, the
Pythagorean theorem is famous enough to have shown up in
popular culture, from The Wizard of Oz to The Simpsons. It’s
short and sweet, usually written simply as a2 + b2 = c2.

The a, b, and c stand for the lengths of the three sides of a
right triangle, like the one in Figure 7-6 on page 432 of your
textbook. Although a and b are interchangeable, the theorem
is true only when c represents the side opposite the right
angle, which is shown in the picture in the standard way, a
small square indicating that the angle is exactly 90°. The side
opposite the right angle is known as the hypotenuse. Thus
you may feel free to use a to represent either of the triangle
sides touching the right angle, and b for the other one; it
doesn’t matter which is which. But c must always represent
the hypotenuse. In a non-right triangle, there’s no hypotenuse,
and Pythagoras’s famous theorem can’t be used.

A First Problem

Your textbook solves the first problem of the section (before
Example 1) using what it calls the “square root property of
equality.” That is, you may take the square root of both sides
of an equation, and the resulting equation will still be true.
This is a specific case of a more general principle: You can
apply any mathematical operation to both sides of an equa-
tion and the result will still be a true equation (if the original
equation was true). We’ll see other examples of this same
general principle in later sections of this same chapter.
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In that same problem (before Example 1), your book simpli-
fies the equation

to

5 = c.

But as I emphasized in Section 7.1, we can’t simplify to
just c ! We need an absolute value! Why did the book do it
incorrectly?

The answer to this question is that in a geometry problem,
where c is representing a length, you know in advance that c
can’t be negative. A negative length would make no sense. In
such problems, you may feel free to ignore absolute values
entirely, because you know all the quantities involved are
positive.

Applications of the Theorem 

On page 433, your textbook shows how the distance formula
can be created using the Pythagorean Theorem. It demonstrates
that the formula, although it may seem to come out of the
blue, can actually be carefully justified using the well-know
theorem that’s the subject of this section.

Depending on your learning style, you may benefit from
examining that derivation carefully; some learners remember
a formula better if they see how it was created. However, if
you prefer to memorize the formula without knowing how it
was derived, that’s also acceptable.

As you read the examples on pages 434 and 435 and begin
work on the problems for this section, you may need to make
use of the “square root property of equality” mentioned ear-
lier. When you have an equation with a square on one side
and a number on the other side, you should take the square
roots of both sides, as in the example previously
mentioned. A similar situation occurs in Example 4 on 
page 435; again, the textbook authors know that the velocity
is positive, and thus they don’t need to include the absolute
value signs. However, in any problem in which you don’t
know that your answer will be positive, you should include
them.

25 2= c

c2

25 2= c
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ASSIGNMENT 37: RATIONAL
EXPONENTS
Read this assignment. Then read pages 438–444 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

This section defines what fractional exponents mean; they’re

another way to write radicals. That is, means the same

thing as . Therefore, all that you’ve learned about radicals in

the past two sections (mostly Section 7.1) also applies to frac-

tional exponents. And in fact, much of this section is spent

doing just that. The bottom of page 440 of your textbook

gives the same information as the top of page 424, just using

the new notation .

Your textbook also reviews rules of exponents on the top of 
page 439, because now you know that radicals can be written 
as exponents, and so these rules have new uses in helping us
simplify radicals. One way to simplify an expression with radi-
cals in it will be to rewrite the radicals using the new fractional

x n
1

xn

x n
1

Self-Check 36

Reinforce and practice what you’ve just learned by working on problems 11, 15, 23, 31, 37, 39, and
45 on pages 436–437 of your textbook. Check your answers with those given at the back of your
textbook. If you find a mistake, analyze your work and review the related material in this study guide
and in your textbook. Hint for Problem 31: Find two sides of the triangle that have the same length.
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exponent notation, then use the rules from page 439 to 
simplify, and optionally convert back to radicals afterwards.
This is the strategy your textbook gives on the bottom of 
page 443, and demonstrates in Example 8.

Although your textbook says that these rules apply for whole
numbers  and , you will see the textbook also using them
with rational exponents, and indeed the rules still hold 
in that case. Additional simplification rules appear on 
pages 441–442, but apply only when m and n are positive
integers.

Additional Examples

This section is all about mastering the list of exponentiation
rules covered in the textbook, and the art of converting from
radicals to exponents and back, as needed. Your textbook
has many examples of such problems, but a few are provided
here that are different from those in your textbook.

Example of applying an exponent across a multiplication:

using the rule (ab)m = ambm

using the rule (ab)c = abc

because = 3

using the rule 

because 

x x=
1
2

1
9

1
3

1
3

1
3

= =g= 1
3

3
2 3x y

= 1
9

3
2 3x y

6
2= ⎛

⎝⎜
⎞
⎠⎟

1
9

1
2 3

2 3x y

= ⎛
⎝⎜

⎞
⎠⎟

1
9

1
2 3

2
6
2x y

1
9

1
9

3 6

1
2

1
2 3

1
2 6

1
2x y x y⎛

⎝⎜
⎞
⎠⎟

= ⎛
⎝⎜

⎞
⎠⎟

( ) ( )
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Example of multiplying an exponentiated variable across an
expression:

distributing

using the rule amnm = am+n

= 3a2 + 2a0 using the rule = 2

= 3a2 + 2 using the rule a0 = 1

The rule used to justify the last step above only applies when
a ≠ 0. But since the problem itself includes a raised to nega-
tive exponents (meaning a in the denominator of a fraction),
it can be inferred that a ≠ 0.

The final example illustrates this tip: Always consider con-
verting the denominator to a negative exponent, using Rule 6
from page 439.

by applying the above tip

distributing

using the rule amnm = am+n

using the rules and x
x

−1 1=x xn n
1

== +z
z

3 1

= +z z
1
3 3

−3

= +z z z z
2
3

1
3

2
3

1
3

− − −

z z

z
z z z

2
3

2
3

1
3

1
3

2
3

2
3+ = +

−
− −

( )

14
7

= +3 2
14
7 0a a

a a a a a a a
3
7

11
7

3
7

11
7

3
7

3
7

3
73 2 3 2+

⎛

⎝
⎜

⎞

⎠
⎟ = +

− −
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ASSIGNMENT 38: SIMPLIFYING
AND COMBINING RADICAL
EXPRESSIONS
Read this assignment. Then read pages 446–454 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

In the previous section, your textbook and this study guide
both suggested you follow this strategy for simplifying expres-
sion involving radicals:

1. Convert the radical expression into an expression using
fractional exponents.

2. Use rules of exponents to simplify it.

3. Convert back to radical notation.

But instead of this strategy, you could just rewrite the rules
of exponents using radical notation. Then no conversion
would be necessary, and in fact it wouldn’t even be like
learning all new rules, since they’re the same rules as before,
just using a new notation. For example,

Self-Check 37

Reinforce and practice what you’ve just learned by working on problems 25, 41, 49, 51, 61, 63, 71,
79, 81, 95, and 109 on pages 445–446 of your textbook. Check your answers with those given at the
back of your textbook. If you find a mistake, analyze your work and review the related material in
this study guide and in your textbook.



Intermediate Algebra158

the rule in exponents becomes 

in radicals, and the rule in exponents becomes 

in radicals.

The other rules of exponents on page 439 of your textbook
don’t have counterparts in the realm of radicals, because
radicals are just one particular kind of exponents, and thus
not all the general rules are relevant.

Simplifying Radical Expressions

The second box on page 448 of your textbook gives you a goal
for simplification; you’re aiming to convert radical expres-
sions into the form described there. However, it doesn’t tell
you how to achieve that goal. 

Here are some tips:

To accomplish goal 1 from the box on page 448:

1. When an integer power is in a radical, separate out the
largest multiple of the radical’s index into a separate rad-
ical, which can be easily simplified.

Example:  separates out as many
squares as possible. Aim to separate out squares
because the radical’s index is 2, and thus it will be easy
to simplify further:  

Example:  separates out as many
fifth powers as possible. (Think of x100 as (x5)20 and y10

as (y5)2.) Therefore you can complete the simplification as
follows.

x y x y y x y y x y100 105 20 2 45 20 2
4
5 20

14
5= = =

x y x y y100 145 100 105 45=

a b a ab a2 2 =

a b a b a3 2 2 2=

a
b

a
b

n
n

n
=

a
b

a

b

n n

n

⎛
⎝⎜

⎞
⎠⎟

=
1 1

1

ab a bn n n( ) =
1 1 1

ab a bn n n=
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2. When an integer is in a radical, break it into its prime
factors. For example, 12 = 22 • 3, 81 = 34, and 2500 = 
22 • 54. Then proceed as in tip #1, above, separating out
powers that are easy to cancel with the radical involved.

Example:  

Example: 

To accomplish goal 2:

3. To eliminate fractions in a radical, the book provides no
strategy that’s guaranteed to work every time. However,
it suggests cancelling some terms in the fraction, if 
possible, in the hopes of making the radical able to be
simplified thereafter.

Example:  by canceling, which thereafter

simplifies to 2|b|.

4. To eliminate negatives inside a radical, there’s no strategy
guaranteed to work every time. However, recall that if 
the radical has an odd index, you can simply take the
negative out of it.

Example: 

If the index of the radical is even, such a step wouldn’t be
valid.

To accomplish goal 3:

5. To eliminate radicals from the denominator of the fraction,
again, your textbook doesn’t provide a strategy guaran-
teed to work every time. (It will do so, however, in the
following section, 7.5.) But it suggests combining the
numerator and denominator of the fraction under one
radical if possible, and then seeking to cancel terms in
the fraction in the hopes of then being able to simplify 
or even eliminate the denominator.

Example: 
2

32
2

32 16 16 2

4

44 44 44

4

44

4ax
xy

ax
xy

a
y

a
y

a
y

= = = =
| |

− −11 113 3=

20
5

4
4

2
2ab

ab
b=

224 7 2 2 2 7 4 145 4= = =• •

2500 2 5 5 2 5 5 2 53 2 43 33 23 23= = =• • •
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Adding and Subtracting 
Radical Expressions

One of the most common algebra errors is to forget that
added or subtracted radicals can’t be combined into one term
unless they’re what your textbook calls like radicals. That is,
they must have the same radicand (the inside). So for exam-
ple, the following isn’t acceptable.

(INCORRECT!)

The radicals and aren’t like radicals, and so can’t be
combined in any way, including the way shown above. This is
a common misconception, and so it’s important to list it here.
The simplest form for + may be that very form; there
isn’t always a way to simplify further.

When the two radicands are the same, the radicals are com-
bined just as two variables would be combined—using a
coefficient.

Just as we would combine x’s, x + x = 2x,

we can also combine radicals, + = 2 .

In fact, this is true of any mathematical expression; you can
use coefficients to indicate repeated addition of any like
terms.

It’s possible for this kind of simplification to be disguised, if
the radicals are unsimplified. But if you simplify them first,
you should then have exposed any like radicals that were for-
merly hiding, and can then combine them. 

Here’s an example.

Original expression:

Simplify first:  

Combine like terms:

Although the radicals weren’t like radicals at first, after 
simplifying we found that they were, and could thus be 
combined.

5 3 3 3 2 3− =

5 3 27 5 3 3 5 3 3 3 5 3 3 33 2− − − −= = =

5 3 27−

aaa

ba

ba

a b a b+ = +



Lesson 5 161

Triangles

Recall the general formula given by the Pythagorean theorem
in Section 7.2: a2 + b2 = c2. This section proves that in two
special (and mathematically common) situations, you can
find even simpler formulas.

The first situation is when the right triangle is isosceles, that
is, the two sides other than the hypotenuse are the same
size. This is shown in Figure 7-10 on page 452 of your text-
book, and your textbook shows that this special case has
these facts:

The Pythagorean theorem simplifies to .

The two non-right angles are both 45°.

The second situation is when the right triangle is equilateral.
This is shown in Figure 7-12 on page 453 of your textbook,
and your textbook shows that this special case has these
facts:

The Pythagorean theorem simplifies to (where
h is the height of the triangle, not one of its sides).

All angles of the triangle are 60°, and thus the two
half-angles created by the line for h are each 30°.

As with previous formulas your textbook has proven for you,
you may choose to remember how the book proved them, or
simply memorize the result.

h a= 3

c a= 2

Self-Check 38

Reinforce and practice what you’ve just learned by working on problems 14, 41, 55, 71, 85, 91, 99,
103, 107, and 111 on pages 454–455 of your textbook. Check your answers with those given at the
back of your textbook. If you find a mistake, analyze your work and review the related material in
this study guide and in your textbook.  
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ASSIGNMENT 39: MULTIPLYING
AND DIVIDING RADICAL
EXPRESSIONS
Read this assignment. Then read pages 456–462 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

Section 7.4 taught you how to simplify expressions that
include radicals, and this is continued in Section 7.5, with
larger expressions than those in 7.4. Now you’ll learn about
multiplying radical expressions. You’ll start small and move
up to larger expressions as the section continues, and end 
by addressing division, in the form of fractions. That section
includes coverage of the technique promised in the previous
section—a general strategy for removing radicals from the
denominator.

Monomials Multiplied by Monomials

A monomial is a single-term expression, and since this 
chapter is on radicals, this refers to a single-term radical
expression, such as . When addition (or subtraction) is
involved, each addend is a new term, but this expression is
just one term.

Your textbook says that monomials can be multiplied using
commutativity and associativity. (The monomials from
Example 1 are reused here, taken from page 456 of your 
textbook.)

If you want to multiply ,

think of it as four products, ,

and then commutativity means we can reorder the product
and it won’t change the result, as in ,3 2 6 3× × ×

3 6 2 3× × ×

3 6 2 3×

3 6
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and associativity says that we can place parentheses 
anywhere we like in a multiplication chain, as in

,

and now basic arithmetic and the radical rules from the last
section enable us to finish simplifying.

Monomials Multiplied by Polynomials

As Example 2 from your textbook shows, this case isn’t much
harder than the previous case.

You use the ordinary distributive law of algebra to spread the
multiplication over the addition,

and then have two cases of a monomial multiplied by a
monomial, each of which you know how to do,

and then simplify.  

Polynomials Multiplied by Polynomials 

Your textbook reminds you of the useful mnemonic FOIL,
from when you first learned to multiply polynomials with
variables in them instead of radicals. If you need a refresher
on this technique, see page 283 of your textbook, where it
first was mentioned. It has the exact same meaning in this
new context; multiply first terms, then outer terms, then
inner terms, then last terms. Although the order doesn’t mat-
ter, that order is traditional just because of the order of the
letters in FOIL.

You can see why FOIL makes sense if you just use the ordi-
nary distributive law from algebra twice, once on the one set
of parentheses and once on the other. Using the same poly-
nomials from Example 3 on page 457, it looks like this.

Distributing over the right parentheses is the first step,

,7 2 7 3 2 7 2 7 7 2 3 2+ − + − +( )( ) = ( ) ( )

12 24 15 30 24 6 15 30− −=

3 3 4 8 3 3 5 10 12 24 15 30• • =− −

3 3 4 8 5 10 3 3 4 8 3 3 5 10− −( ) = • •

3 2 6 3 6 18 6 18× × × ×( ) ( ) = =

3 2 6 3× × ×( ) ( )
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and distributing each monomial over its adjacent parentheses
is the second,

So you see that FOIL makes sense:
firsts inners outers lasts 

As mentioned above, the order is irrelevant, as long as all the
terms are included.

Rationalizing the Denominator

When you rewrite an expression to remove a radical from the
denominator, this is called rationalizing the denominator. The
reason for this is that, as you recall from Section 7.1, radi-
cals can introduce irrational numbers. Thus if you remove
them from the denominator of the fraction, you ensure that
the denominator stays rational (if the variables involved had
rational values to begin with).

There are two distinct situations your textbook addresses for
rationalizing the denominator. The first is when the denomi-
nator is a radical alone. Your textbook’s technique for solving
this situation is the technique promised in the previous sec-
tion for removing a radical from a fraction’s denominator.

The book’s strategy is simple, for square roots: Multiply the

numerator and denominator by the denominator. If you call 

the denominator D, then this procedure can be written ,

and when seen that way, it’s obviously equivalent to � 1,

which doesn’t change the value of the original expression at

all. You wouldn’t want it to; you only want to simplify the

expression, not alter its meaning.

× D
D

7 2 7 7 2 3 2 7 7 2 7 7 3 2 2 3 2+ − + −( ) ( ) = + +• •
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The strategy for nth roots can be summarized by , 

which you could also write as . For example, to

rationalize the denominator of

,

multiply the numerator and denominator by . As you can
see, this will make the radical in the denominator easy to
simplify away:

With radicals out of the denominator, this could even be fur-
ther simplified.

Your textbook encourages you to simplify the radical expres-
sion before rationalizing the denominator. For example, both
methods shown in Example 8 on page 460 involve simplifying
before rationalizing. This isn’t strictly necessary; if you prefer
to rationalize first and simplify thereafter, you can certainly
do it in that order instead.

Now you come to the second type of situation in which you
may need to rationalize the denominator, when the denomina-
tor is a binomial, one term of which is a square root.

A binomial is either a sum such as a + b or a difference such
as a – b; whichever form a binomial is in, its conjugate is the
other form. You can check with FOIL to verify that the prod-
uct of these two conjugates is a2 – b2, which has the very
useful property that if either a or b were a square root, there
would be no square root in a2 – b2. Therefore, the strategy
your textbook suggests for this second type of situation is
“multiplying by the conjugate.”

1
6

2 6 1
2

15 634 34+

2 3 15
6

6
6

2 6 3 15 6
6

2 6 3 15 6
64

34
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34 34+ = + = +
•
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+
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−
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Examples 9 and 10 on page 461 of your textbook show this
strategy in action. In the first, there’s a denominator of + 1,
and so use its conjugate, – 1, and in doing so,
make the square roots evaporate. In the second, the conjugate 
of – is used, + , to much the same effect. In
both this solution strategy and the previous one, you’re mul-
tiplying the top and bottom of the fraction by the same value,
and thus not really changing the fraction at all.

You rationalize denominators because that’s a common 
simplification convention in mathematics, as expressed 
on page 448 of your textbook. However, Example 11 on 
pages 461–462 of your textbook points out that there are
times when other forms are more convenient, for example
when a rationalized numerator is needed. The same strategies
you’ve used on denominators work on numerators as well;
read over Example 11 to see this in action.

2xx 2

2
2

Self-Check 39

Reinforce and practice what you’ve just learned by working on problems 19, 33, 41, 49, 59, 71, 77,
81, 93, and 95 on pages 463–464 of your textbook. Check your answers with those given at the back
of your textbook. If you find a mistake, analyze your work and review the related material in this
study guide and in your textbook.  
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ASSIGNMENT 40: RADICAL
EQUATIONS 
Read this assignment. Then read pages 464–470 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

This section introduces the power rule, which says that if you
have any equation x = y, then you can conclude from it the
equation xn = yn. This is another example of the same general
principle from Section 7.2—that you can apply any mathe-
matical operation to both sides of an equation, and the result
will still be true (as long as the original equation was true).
This rule can be used to remove radicals when solving equa-
tions, as in Example 1 on page 465 of your textbook. In fact,
that’s what this whole section is about.

(As your book notes, however, going in the other direction
isn’t valid; from xn = yn you can’t conclude x = y. “Erasing
things” isn’t a valid mathematical operation! For example, 
x2 = y2 may be true if x = 3 and y = –3, and thus we shouldn’t
conclude that x = y since that may be false.)

Solution Procedure

Your textbook provides a very useful procedure on the top 
of page 466 for solving equations involving radicals. It’s a
powerful procedure; every example in the section is followed
using just this one procedure. No clever tricks are needed!

Step 1 instructs you to “isolate one radical expression.” It
says one radical expression, because you’ll soon see examples
in which there are more than one radical expression in the
equation, and you should begin by rearranging so that one 
is alone and the other(s) are on the opposite side of the 
equation. (Glance ahead to Example 5 on page 468–469 of
your textbook.) In simple problems like Example 1, this step
is already done for you before you even begin.
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Step 2 may sound a little complicated, but it just means to
raise both sides of the equation to the power that will help
you cancel the radical you isolated. So for a square root, you
would square both sides, but for a cube root, you would cube
both sides, and so on.

Step 3 requires no additional explanation.

Step 4 is essential. Because the power rule only works in one
direction, it’s one of those rules of mathematics that may add
extra solutions to an equation when you use it. Therefore,
when you reach the end of your computation, you must
check to see if all the roots you found are actually solutions
to the original equation. Example 3, on page 467 of your text-
book, shows you how to do this.

When you reach Example 6, it may seem like the textbook
authors aren’t following Step 1 correctly, because on the top
of page 470, they don’t isolate one radical expression, but
keep the two radicals together. However, as you know from
earlier work in this chapter, two multiplied radicals are really
just one radical.

x x x x+ = +2 2 2 2( )

Self-Check 40

Reinforce and practice what you’ve just learned by working on problems 11, 13, 17, 21, 27, 39, 43,
55, 57, 59, 63, and 69 on pages 470–472 of your textbook. Check your answers with those given at
the back of your textbook. If you find a mistake, analyze your work and review the related material
in this study guide and in your textbook.  
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ASSIGNMENT 41: COMPLEX
NUMBERS 
Read this assignment. Then read pages 473–481 in your text-
book, Algebra for College Students. Don’t forget to complete
the “Self Checks” as you come to them in the textbook. The
answers are given at the end of each section.

Introduction

The word “complex” in “complex numbers” doesn’t mean
“complicated” or “tricky,” but rather “made up of more than
one part.” Just as an industrial complex isn’t just one build-
ing, and a sports complex can host many games or events at
once, a complex number has more than one piece; it has two.
(So it’s not so complex after all!) Those two parts are a real
part and an imaginary part.

Imaginary is also an unfortunate word; such numbers show
up all the time in situations that connect directly to reality,
such as physics and engineering. However, they were given
the name before this was known, and it stuck. It’s somewhat
applicable, though, because most everyday situations—even
very numerical ones such as accounting, finance, and many
areas within engineering and statistics—don’t deal with imag-
inary numbers. So they’re safely hidden from the everyday
reality of most people.

But in algebra, when you study polynomials, imaginary num-
bers arise. And they were introduced in an effort to help all
polynomial equations have solutions. Rather than see the
equation x2 = –3 and simply give up, because no real number
squared is negative, we want to be able to solve it. Since no real
number can possibly be the solution for the reason just given,
we must come up with a new kind of number. In fact, we need
to invent only one new number, the imaginary number i.
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As your textbook says on page 473, i = . So if you want
to solve x2 = –3, you can proceed as follows:

x2 = –3

x = 

x = 

x = 

x ≈ ±1.73205i

You’ll do work like this in Chapter 8, but the preview is given
here. For now, you need only the definition that i2 = –1 and
to learn to combine i with real numbers to form complex
numbers, and how to use them in algebra.

Imaginary Numbers

An imaginary number is a square root of a negative number.
As in the example above, if we have some positive number x
(like the 3 in the example), and we consider , we can
rewrite it using i as follows.

As you can see from the examples on the top of page 475 of
your textbook, all real numbers simplify to some real number
coefficient in front of i.

Complex Numbers

A real number added to an imaginary number is a complex
number. Here are some examples.

6 + 2i 3 – 5i 0 – i 4 + 0i

As you can see from the third example, imaginary numbers
are one kind of complex number. And as you can see from
the fourth example, real numbers are also just one kind of
complex number.

− −x x x i= =1

−x

±i 3

± −1 3

± �3

−1
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Resist the temptation to try to simplify complex numbers
down to one term. Although the final two examples above 
can be simplified (0 – i = –i and 4 + 0i = 4) the first two can’t.
Don’t try to do something like one of these:

6 + 2i = 8i (INCORRECT!) 6 + 2i ≠ (6 + 2)i

6 + 2i = 6 + 2(–1) = 6 – 2 = 4 (INCORRECT!  i ≠ –1)

Just as you wouldn’t need to simplify 6 + 2x or 6 + 2a any
further, you don’t need to simplify 6 + 2i any further. In fact,
you may feel free to treat the i just as if it were a variable like
x or a. Unlike variables, you’ll never solve for i, because you
already know its value (i = ).

If you keep in mind that you should treat i in algebraic
expressions just like you would treat a variable, you’ll find
that much of what the book teaches on pages 475 to 478 will
seem very natural and easy. No new rules are introduced
there; it’s just old rules of algebra being used on a new number
i.

The only new rule is that wherever you have i 2, you can
replace it with –1. Your textbook emphasizes this by high-
lighting such work in red on page 477 and in blue on 
page 478.

And, as page 479 shows, higher powers of i can be simplified,
too. It says that in can be simplified to ir, if r is the remainder
of n � 4. Thus, for example,

i17 = i1 = i because 17 � 4 = 4 with remainder 1,

i602 = i2 = –1 because 602 � 4 = 150 with remainder 2,
and

i32 = i0 = 1 because 32 � 4 = 8 with remainder 0.

−1
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Self-Check 41

Reinforce and practice what you’ve just learned by working on problems 27, 29, 35, 37, 45, 49, 63,
75, 97, 103, 109, and 113 on pages 481–483 of your textbook. Check your answers with those given
at the back of your textbook. If you find a mistake, analyze your work and review the related material in
this study guide and in your textbook.

Hint for 63 and 75: Rationalize the denominator.
Hint for 113: Notice the formula given above the problem. 

When you feel confident that you understand the material in
Lesson 5, complete the examination. When you’ve completed
the examination for Lesson 5, review all the material covered
in your course before taking your final exam.


