
CALCULUS LABORATORY ACTIVITY: Numerical Integration, Part 1

• Required tasks: Tabulate values, create sums

• Suggested Technology:

– Spreadsheet: Microsoft Excel or Google Docs Spreadsheet

– Maple or Wolfram Alpha for visual and numerical checks

Goals

By the end of this lab, you should be able to:

• Build a calculation of the left and right hand rules for estimating the value a definite
integral for a variety of functions, intervals, and number of partitions

• Make the calculation as general as possible for ease of conversion from problem to
problem

• Examine results for appropriate trends and values



Part 1: Remembering Some Calc I Stuff

In Calculus 1, you should have learned how to approximate the area under a curve using
Riemann Sums and the left or right hand rules. Dig into your memory of the subject (or
go back and review it) until you remember how to do the following problem:

• Estimate the area under f(x) =
√
x2 + 1 on [0,3] using the left and right hand rules

with n = 6.

Here are a couple of reminders:

• n is the number of partitions of the interval [0, 3] you’re using to estimate the total
area under the curve there.

• Each partition is taken to be a rectangle with width (b − a)/n = (3 − 0)/6 = 1/2.
If you are using the left-hand rule, then height of each rectangle is the height of the
left edge of the rectangle. If you are using the right-hand rule, then height of each
rectangle is the height of the right edge of the rectangle.

• You compute the area of each individual rectangle created by the partitioning, and
then add them up.

Until you remember how to do that, and can do it successfully, there’s no point proceeding
further with the lab. So that you can check your work, the left hand estimate to that area
is approximately 5.132. The right-hand estimate to that area is approximately 6.213. Make
sure you can get these results. If you want a visual aid for the problem, do the following in
Maple:

• From the main menu, select Tools / Tutors / Calc - Single Variable / Riemann Sums

• Change the function displayed to “f(x) = sqrt(xˆ 2+1)”.

• Change a and b to 0 and 3

• Change n to 6

• Select “Left” or “Right” Riemann Sums

• Click Display

or go to Wolfram Alpha (http://www.wolframalpha.com) and enter a command such as
(edit for right hand rule):

int sqrt(xˆ 2+1) dx on [0,3] using left hand rule with n=6

On either platform, you will be shown the 6 rectangles created by this partition, and the
intersection of the function with the left and right edges of the rectangles. The sum of the
areas of the rectangles is taken to be the Riemann Sum estimate to the area under the curve.

Some things you might remember are:



• Neither the left or right hand rule is exact, except in special cases - can you think of
any?

• The more rectangles you have, the better your area estimates will become

• In some cases you can predict whether the left and right hand rules will over or
under estimate the true value of the integral. In this example, the left hand rule
underestimates the result, and the right hand rule overestimates the result. Do you
know why?

Once you are comfortable with your review of these ideas, and you can obtain the correct
results to the above example, then proceed.

Part 2: I’ve Already Done Part of Your Work For You!

Using Maple or Wolfram Alpha to see pretty pictures is all well and good, but does it
reflect your understanding of the left and right rules? We’ll see, because you will create a
spreadsheet that automates left and right hand computations. To create the spreadsheet,
you have to understand how the left and right hand rules really work. In the next Calculus
Laboratory Activity, you will adapt your spreadsheet to employ more sophisticated tech-
niques that give better estimates of the area with the same (or fewer) rectangles. Once you
do that, you are getting into the heart of numerical integration.

Along with these instructions, I have a posted a template Excel file called, cleverly, “rie-
mannsums.xls”. Please download the file, so that you can edit it and save your work. Or
you can copy the contents into a Google Docs spreadsheet.

The file has two tabs in it (see the bottom of the screen). One is called “Template”. The
template is set-up so that it’s almost ready to compute Riemann Sums - it just takes a little
editing on your part.

Suppose you want to estimate the area under some function f(x) over the interval [a, b]
using n rectangles. You would need to do or note the following in the spreadsheet:

• Put the values of a, b, and n into cells B2, B3, B4. Once you enter this data, the
width of each rectangle is computed automatically in cell B5.

• Column E shows the endpoints xi created by the partition of [a, b] into n rectangles.
This column is also filled automatically based on your values of a, b, and n.

• Column F will contain the heights of the rectangles (function values) at each endpoint
xi seen in Column E. But, YOU must enter the function to be used.

• Column G will automatically show the areas of all the rectangles once you fill column
F.

• Important! Column D contains a counter that should list i = 0, 1, 2, . . . , n. Once you
have them working, Columns D to G should be extended downward to make sure you
have room for all i = 0, 1, 2, . . . , n pieces of data. Right now, these columns are only
big enough to hold data for n = 6. If you wanted to use n = 12 rectangles, you’d need
to extend these columns twice as far down.



• Once you have all your columns working, Cells J3 and J5 are where you will add
together the appropriate areas of rectangles from column G to construct left hand
and right hand estimates of the area under f(x) on [a, b]. (Ask me how to use the
SUM command in Excel if you need to.)

The file contains a second tab, called “Example”, so you probably know what’s in it. In
the example, I have used the template to estimate the area under f(x) = xex on [1, 3] using
n = 6. You will be copying the template and using it to create your own solutions.

IMPORTANT NOTE: Make sure to poke around in the cells of the template and the
example so that you see how they refer to each other. When you copy the template to make
your own solution, you will need to update the cell referencing appropriately. You wouldn’t
want your new solution that uses n = 12 to still call up a value of n = 6 sitting in cell B5!
In fact, whenever you copy the template to begin a new problem, or change the value of n,
you must

• Make sure the cell formulas in the newly created cells are modified so that they don’t
refer to the old problem’s values

• Extend (the new versions of) columns D through G to accomodate a larger
values of n.

THESE ARE THE TWO THINGS THAT MOST PEOPLE GOOF UP ON, SO PLEASE
DON’T IGNORE THIS NOTE.

Did you happen to see that these are the two most common errors people make, and that
you’ve been warned about them? Every year, I have this big bold-faced sentence alerting
everyone to these common errors, and people still make these same errors. Break the trend!

You are free to use the Maple or Wolfram Alpha Riemann Sum gizmos described above
to see what the values of these Riemann Sums are supposed to be. If you are not getting
values close to the correct ones, then something is wrong with what you are doing. In that
event, THINK about what you are doing and where the errors might be coming in.



Part 3: OK, Now It’s Your Turn

You will use the Template I’ve built in the Excel file to create some left and right hand esti-
mates of your own. For each function and interval below, get left and right hand estimates
using n = 6, n = 12, and n = 48. For each,

1. Make a copy / duplicate of the template tab in the worksheet. Rename the new to
identify it; for example, the tab containing the n = 12 case for Problem 2 could be
named “P2N12”.

2. Edit the entries in the page to solve the problem. Did you change everything that
needs to be changed? Are your columns long enough to accommodate the new value
of n?

3. Make sure the final left and right hand estimates are clearly displayed, like in cells J3
and J5 of my example.

Altogether, you will create 9 new pages / tabs. Feel free to use Maple or Wolfram Alpha
to find out what your final answers should be - you can compare your results in column J
to the values those tools provide.

Here are your problems:

1. Find left and right hand estimates to the area under f(x) = x4 on [0, 2] using n = 6, n = 12,
and n = 48. Somewhere below your calculations, briefly describe how your results compare
to what the true value would be, such as the LHR or RHR over- or under- estimating the
true value.

2. Find left and right hand estimates to the area under f(x) = cos(x) on [0, π] using n = 6, n =
12, and n = 48. Somewhere below your calculations, briefly describe how your results compare
to what the true value would be (you should know the true value of this one immediately!).

3. Find left and right hand estimates to the area under f(x) = e−
√
x on [0, 4] using n = 6,

n = 12, and n = 48. Enter the exponential function into your spreadsheet with the form
EXP(x). Somewhere below your calculations, briefly describe how your results compare to
what the true value would be, such as the LHR or RHR over- or under- estimating the true
value.

When finished with these exercises, you should have a working spreadsheet that contains
nine new tabs. Submit this file to me using the link in Blackboard below these instruc-
tionsOnce you get your score / feedback, you will need to make corrections and plan on
adapting this file to more efficient numerical integration methods in the next lab activity.

Have you learned...

• How to create a general set-up for calculation of the left and right hand rules for
estimating the value a definite integral for a variety of functions, intervals, and number
of partitions?

• How to determine if your results are consistent with trends that you can predict of
how the estimates should compare to the true values of the integral?


