


The Normal Probability Distribution

Formal definition:

A continuous random variable, X, is said to be a normal random 
variable if its probability density function is given by:

Notes:

1. The term “density” is used when describing the rule used to obtain 
probability information for a continuous random variable rather than 
“distribution” as used in discrete cases.  If nothing else this might 
remind us of the differences between the way probability 
distribution functions work for discrete random variables and 
probability density functions work for continuous random variables.

2. The left hand side does not provide P(X = x) ~ look back to the 
definition of the binomial probability distribution function as a 
comparison.  In fact this formula does not directly provide 
probability information about normally distributed random variable 
X.  We will discuss how it does provide such information shortly.
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The Normal Probability Distribution

Formal definition (cont.):

3. The formula contains two most important mathematical constants, 
“π” ≈ 3.142 ( pi ~ the ratio of the circumference of a circle to its 
diameter) and “e” ≈ 2.718 (Euler’s number ~ the base of the 
naturally (or normally) occurring exponential function). 

4. The mean, µ, and the standard deviation, σ, of the variable of 
interest need to be known in order to use this formula.  Observe 
that the symbols used for these two descriptive numerical summary 
measures are population symbols.  Probability distribution theory is 
most frequently used in statistical analysis in reference to 
populations.

5. The theoretical range of values that the normally distributed 
variable of interest can take is endless.  This infinite theoretical 
range is reduced substantially in practice (in fact usually to three 
standard deviations each side of the mean).
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The Normal Probability Distribution (cont.)

So how does this rather complex formula provide probability 
information about a normally distributed random variable?

It defines a graph ~ the beautifully symmetric “bell shaped” curve, 
which has the common characteristic of all continuous probability 
density curves, that areas under it provide probability information.  
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The Normal Probability Distribution

Normal Probability Tables (cont.)

Once again, for more complicated normal probability distribution scenarios 
(with more complicated parameter values) the conversion of a Z value to 
an X value can be carried out via use of the formula, 

Practice Problems:  Week 5, Q5.4, 5.5, 5.6, 5.7
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σZ+μ=X
The Z to X transformation formula ~  the 

calculation developed by first principles to 

find the 75th percentile on the previous slide.   



The Normal Probability Distribution

Normal Probability Tables (cont.)

The Empirical Rule

Normal probability tables can be used to verify a very useful rule that is 
handy to commit to memory when performing extensive work with the 
normal distribution.  The Empirical (or experimental) Rule, sometimes 
referred to as the 68/95/100% rule is useful for helping determine whether 
sample data appears to come from a normally distributed population. It is 
also useful to assist in the mental checking of probability (and other) 
calculations associated with practical applications of the normal 
distribution. 

From standard normal probability tables it can be determined that;

P(-1 < Z < 1) = 0.6826

P(-2 < Z < 2) = 0.9544

P(-3 < Z < 3) = 0.9974 
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You should be able to 

confirm these probabilities 

from the standard normal 

tables.



The Normal Probability Distribution

Investigating Normality

The ability to be able to decide whether or not a variable of interest appears to 
be normally distributed is an important skill.  As we have discussed previously, 
since we often do not have access to population data, this decision is usually 
made on examination of a number of characteristics of a sample data set.

Things to look for:

• Symmetry

Is the histogram approximately symmetrical in appearance?

Is the mean approximately the same as the median?

Is the skewness coefficient (MS Excel) approximately zero?

• Range

Is the range approximately six times the standard deviation?

• Maximum

Is the largest value in the data set approximately located three standard    
deviations to the right of the mean?  
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The Normal Probability Distribution

Investigating Normality

Things to look for (cont.):

• Minimum

Is the smallest value in the data set approximately located three 
standard deviations to the left of the mean?

• Kurtosis (MS Excel)

Is the kurtosis value approximately zero?
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Note:  Kurtosis provides an indication of the normality of sample data (i.e. whether 

sample data appears to have come from a normal population) as follows:

If kurtosis < 0, sample data is less concentrated about the mean (compared to the 

Empirical Rule) than a normal variable.

If kurtosis ≈ 0, sample data is similarly concentrated about the mean (compared to 

the Empirical Rule) as a normal variable.

If kurtosis > 0, sample data is more concentrated about the mean (compared to 

the Empirical Rule) than a normal variable. 



The Normal Probability Distribution

Investigating Normality

Things to look for (cont.):

Example 2:

Revisiting the commuting times data from week 1, does it appear that this 
sample data comes from a normally distributed population?

Symmetry?

Histogram ~ no!  

(31.1 ≈ 26.5?)  ~ no!

Skewness (0.4871 ≈ 0?) ~ no!

Range ≈ 6s (65 ≈ 6x18.5?) ~ no!

Maximum, (70 ≈ 31.1 + 3x18.5?) ~ no!

Minimum, (5 ≈ 31.1 - 3x18.5?) ~ no!

Kurtosis, (-0.6158 ≈ 0?) ~ no!
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Mean 31.1

Standard Error 3.1

Median 26.5

Mode 15

Standard Deviation 18.5

Sample Variance 343.25

Kurtosis -0.6158

Skewness 0.4871

Range 65

Minimum 5

Maximum 70

Sum 1118

Count 36
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Conclusion:  It would appear that the commuting times sample 

data does not come from a normally distributed population.



The Normal Probability Distribution

Investigating Normality

Things to look for (cont.):

Practice Problems:  Week 5, Q5.8, 5.9, 5.10
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