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The module website gives details of how to submit assignments for this
module.

The marks allocated to each part of each question are indicated in brackets
in the margin.

In order to encourage you to present your solutions to the TMA questions
in a good mathematical style, your tutor will comment on how you:

• use correct mathematical notation

• define any symbols that you introduce in formulating and solving a
problem

• give references for standard formulas and derivations

• include comments and explanations within your mathematics

• explicitly state results and conclusions, giving answers to an
appropriate degree of accuracy and interpreting answers in the context
of the question

• draw diagrams and graphs.

These features are seen as being essential to complementing your
mathematical skills. Your tutor will make comments on how well you
achieve these objectives and give you guidance on how to satisfy the
threshold requirement.

Five of the marks for each TMA will be allocated to the way you write
your solutions. It is expected that most students will receive the majority
of these presentation marks; such marks are included in TMAs to
encourage, and emphasise the need for, thinking about how you present
your mathematics.
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TMA MST224 04 See module website for the cut-off date.

This assignment covers Units 11, 12 and 13.

Question 1 (Unit 11) – 29 marks

Consider the periodic function f(t) with fundamental interval −π ≤ t ≤ π
that is defined by

f(t) =

{−t− π for −π ≤ t < 0,

−π for 0 ≤ t < π,

f(t+ 2π) = f(t).

(a) Sketch the graph of the function f for −3π ≤ t ≤ 3π, and hence state
whether the function is even, odd, or neither even nor odd. [4]

(b) Calculate the Fourier series for f(t). [19]

(c) Hence write down the first few terms of the Fourier series, up to and
including those involving 3t. [2]

(d) State the value to which the Fourier series will converge at t = 0,
briefly justifying your answer. [2]

(e) State the value to which the Fourier series will converge at t = π,
briefly justifying your answer. [2]

Question 2 (Unit 11) – 8 marks

Consider the function f(t) defined on the interval 0 ≤ t < 1 by

f(t) = t(1− t).

(a) Sketch the graph of the odd extension fodd of f for −3 ≤ t ≤ 3, and
hence state the fundamental period of the odd extension. [4]

(b) Sketch the graph of the even extension feven of f for −3 ≤ t ≤ 3, and
hence state the fundamental period of the even extension. [4]

Question 3 (Unit 12) – 33 marks

The temperature distribution θ(x, t) along an insulated metal rod of
length L is described by the differential equation

∂2θ

∂x2
=

1

D

∂θ

∂t
(0 < x < L, t > 0),

where D "= 0 is a constant. The rod is held at a fixed temperature of 0◦C
at one end and is insulated at the other end, which gives rise to the
boundary conditions θ(0, t) = 0 and ∂θ/∂x = 0 when x = L, for t > 0.

The initial temperature distribution in the rod is given by

θ(x, 0) = 0.2 sin

(
5πx

2L

)
(0 ≤ x ≤ L).
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(a) Use the method of separation of variables, with θ(x, t) = X(x)T (t), to
show that the function X(x) satisfies the differential equation

X ′′ − µX = 0 (1)

for some constant µ. Write down the corresponding differential
equation that T (t) must satisfy. [3]

(b) Find the boundary conditions that X(x) must satisfy. [4]

(c) Show that if µ = 0, then the only solution of equation (1) that
satisfies the boundary conditions is the trivial solution X(x) = 0. [4]

(d) Show that if µ = c2 with c > 0, then the only solution of equation (1)
that satisfies the boundary conditions is the trivial solution X(x) = 0. [5]

(e) Suppose that µ < 0, so µ = −k2 for some k > 0. Find the non-trivial
solutions of equation (1) that satisfy the boundary conditions, stating
clearly what values k is allowed to take. [8]

(f) Solve the differential equation found in part (a) that the function T (t)
must satisfy. [3]

(g) Use your answers to write down a family of product solutions
θn(x, t) = Xn(x)Tn(t) that satisfy the first two boundary conditions.
Hence show that the general solution of the partial differential
equation may be expressed as

θ(x, t) =
∞∑

n=1

Cn exp

(
−D(2n− 1)2π2t

4L2

)
sin

(
(2n− 1)πx

2L

)
. [2]

(h) Find the particular solution that satisfies the given initial temperature
distribution. [4]

Question 4 (Unit 13) – 25 marks

This question concerns two populations modelled by a pair of differential
equations that are a modification of the Lotka–Volterra equations. The
equations are

dx

dt
= x

(
1− y

2

)
,

dy

dt
= −y

(
1− x

0.8
+

x2

4

)
,

where x and y represent the numbers in each population measured in
thousands and are functions of the time t, which is measured in years.

(a) Which term has been added to the Lotka–Volterra equations, and
what is its effect on the y-population? [2]

(b) Find all the equilibrium points of these equations. [5]

(c) Classify each equilibrium point of this non-linear system as far as
possible by considering the Jacobian matrix. [18]
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