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The main idea to get from the diagram is that g takes the outputs from f and returns them to 
their respective inputs, and conversely, f takes outputs from g and returns them to their respective 
inputs. We now have enough background to state the central definition of the section. 

Definition 5.2. Suppose f and g are two functions such that 

1. (go f)(x) = x for all x in the domain off and 

2. (! o g)(x) = x for all x in the domain of g 

then f and g are inverses of each other and the functions f and g are said to be invertible. 

We now formalize the concept that inverse functions exchange inputs and outputs. 

Theorem 5.2. Properties of Inverse Functions: Suppose f and g are inverse functions. 

• The rangea of f is the domain of g and the domain of f is the range of g 

• f(a) = b if and only if g(b) =a 

• (a, b) is on the graph of f if and only if (b, a) is on the graph of g 

aRecall this is the set of all outputs of a function. 

Theorem 5.2 is a consequence of Definition 5.2 and the Fundamental Graphing Principle for Func
tions. We note the third property in Theorem 5.2 tells us that the graphs of inverse functions are 
reflections about the line y = x. For a proof of this, see Example 1.1.7 in Section 1.1 and Exercise 
72 in Section 2.1. For example, we plot the inverse functions f(x) = 3x + 4 and g(x) = x34 below. 

If we abstract one step further, we can express the sentiment in Definition 5.2 by saying that f and 
g are inverses if and only if go f = 11 and fog= 12 where 11 is the identity function restricted1 

to the domain off and 12 is the identity function restricted to the domain of g. In other words, 
11 (x) = x for all x in the domain of f and 12 (x) = x for all x in the domain of g. Using this 
description of inverses along with the properties of function composition listed in Theorem 5.1 , 
we can show that function inverses are unique. 2 Suppose g and h are both inverses of a function 

1The identity function I, which was introduced in Section 2.1 and mentioned in Theorem 5.1, has a domain of all 
real numbers. Since the domains of f and g may not be all real numbers, we need the restrictions listed here. 

2In other words, invertible functions have exactly one inverse. 


