
CALCULUS LABORATORY ACTIVITY: Remainder Formulas

• Required tasks: Evaluate partial sums; solve equations; solve improper integrals

• Suggested Technology:

– Maple 18 or Wolfram Alpha (http://www.wolframalpha.com)

Goals

By the end of this lab, you should be able to:

• Understand how remainder formulas work in general, and how we compare the value
of a partial sum to the true (unknown) value of the full infinite series.

• Understand how alternating series behave, and how the remainder of a partial sum
can be easily determined.

• Understand how, for series that are compatible with the integral test, how the re-
mainder of a partial sum relates to an integral.

• Use remainder formulas to either give upper bounds on error for a given number of
terms, or determine the number of terms required to meet a desired accuracy.

Write your responses on the appropriate pages below; when done, scan them and upload
using the given link in Blackboard. (You only need to submit the pages that have your
answers on them, not all the pages where I’m yapping at you with discussion and examples.)



Taylor’s Inequality, which you saw in the previous set of computer exercises, was a method
in which we could investigate the accuracy of a power series. Here are methods by which
we can estimate the accuracy of a regular (i.e. not-power) series.

Alternating Series: Introduction / Definitions

An alternating series is an infinite series in which not all terms are positive. Usually, the
terms alternate in sign like +/-/+/-,... Thus the name. The general form of an alternating
series is ∞∑

n=1

(−1)n+1an or
∞∑
n=1

(−1)nan

Note that the (−1)n part of the terms is not included in what we call the term formula an.
For example, the series

(A)
∞∑
n=1

(−1)n+1

n
and (B)

∞∑
n=0

(−1)n

n2 + 1

are examples of alternating series, and we would describe the term formulas as an = 1/n
and an = 1/(n2 + 1) respectively .

Finding whether an alternating series converges is fairly easy. The alternating series test
says that for an alternating series to converge, these two things need to happen:

Condition 1 Each successive term is no bigger than the one before it

an+1 ≤ an for n ≥ 1

Condition 2 The terms converge to zero
lim
n→∞

an = 0

At first glance, you may think these two items are redundant, but they are not. A series
could, for example, satisfy condition (1) but be converging onto 1 instead of 0. Note that in
a two-part test such as this, you must show that both conditions hold to prove convergence,
but you only need to show that ONE of the conditions fails to prove divergence.

EXAMPLE. Series (A) is called the alternating harmonic series. We can investigate its
convergence by checking the two conditions of the alternating series test.

1. Do the terms get progressively smaller?

an+1 ≤? an
1

n + 1
≤?

1

n
n + 1 ≥? n

1 ≥? 0

This is clearly true, so we know for sure that an+1 ≤ an. The first condition is passed.

2.

lim
n→∞

an = lim
n→∞

1

n
= 0



So the series satisfies the second condition, too. Therefore the alternating harmonic series
converges. (This is in contrast to the regular harmonic series, which diverges.)

Can you demonstrate that series (B) converges?

Error Estimation

If we add up the first N terms of a convergent alternating series, there will be some error
(a remainder) between the sum we compute and the true value of the series. This error is
no bigger than the magnitude of the first ununsed term, aN+1. For example, use Wolfram
Alpha or Maple to

• Compute the 50th partial sum of the alternating harmonic series

• Compute the 51st term a51 of the alternating harmonic series

• Compute the “proper” value of the alternating harmonic series

and verify that indeed ∣∣∣∣∣
50∑
n=1

(−1)n+1

n
−
∞∑
n=1

(−1)n+1

n

∣∣∣∣∣ < a51

NOTE: In Maple, you can just build the series expressions directly using the Expressions
template for series. In Wolfram Alpha, you can go to the following URL to see how to build
partial sums or full infinite series (scroll down for Sequences and Sums):

http://www.wolframalpha.com/examples/Calculus.html

We can turn around the question given above and use the error estimate to ask: How many
terms are required to get a value within a certain accuracy? For example, how many terms
are needed to get the alternating harmonic series within 0.001 of the true value of the series?
At the Nth partial sum, we are within aN+1 of the true value. So to ensure an error of no
more than 0.001, we want to find N such that aN+1 < 0.001, i.e.

aN+1 < 0.001
1

N + 1
<

1

1000
N + 1 > 1000

N > 999

So we must add the first 999 terms of the alternating harmonic series to get within 0.001
of the true value. Use Maple or Wolfram Alpha, verify that∣∣∣∣∣

999∑
n=1

(−1)n+1

n
−
∞∑
n=1

(−1)n+1

n

∣∣∣∣∣ < 0.001



Questions

For each of the alternating series on the following pages

1. Use the conditions of the Alternating Series test to determine convergence or diver-
gence of the series.

2. For a divergent series, state which of the conditions in the Alternating Series test are
not met.

3. For a convergent series, follow the example just above to determine how many terms
N are required to get within 0.0001 of the value of the series.

(S1)
∞∑
n=1

(−1)n
2n + 1

3n− 1

1. Does this series CONVERGE or DIVERGE?

2. If it DIVERGES, identify at least one condition of the Alternating Series test that is
not met.

3. If it CONVERGES, the series will require at least terms to be within
0.0001 of the true value of the series. Show your work here:

∞∑
n=1

(−1)n+1 3n

n2 + 1

1. Does this series CONVERGE or DIVERGE?

2. If it DIVERGES, identify at least one condition of the Alternating Series test that is
not met.

3. If it CONVERGES, the series will require at least terms to be within
0.0001 of the true value of the series. Show your work here:



(S3)
∞∑
n=0

(−1)n

4nn!

1. Does this series CONVERGE or DIVERGE?

2. If it DIVERGES, identify at least one condition of the Alternating Series test that is
not met.

3. If it CONVERGES, the series will require at least terms to be within
0.0001 of the true value of the series. Show your work here:

(S4)
∞∑
n=1

(−1)n
√
n

1 + 2
√
n

1. Does this series CONVERGE or DIVERGE?

2. If it DIVERGES, identify at least one condition of the Alternating Series test that is
not met.

3. If it CONVERGES, the series will require at least terms to be within
0.0001 of the true value of the series. Show your work here:



Remainder Formula for the Integral Test

If s is the true value of a convergent series, and sN is the partial sum of the first N terms,
then the error (or remainder) between the estimate and the true value of the series is

RN = |s− sN | =
∣∣∣∣∣
∞∑
n=1

an −
N∑

n=1

an

∣∣∣∣∣
Note that this expression does not compute RN , it merely defines it. If wanted to use this
expression to compute RN , we’d have to already know the true value of the series - in which
case, discussion of error is rather silly. Rather, we must have a remainder formula that will
allow us to compute the remainder for a given series.

Just above, you learned the remainder formula for alternating series: RN < aN+1. This
remainder formula allowed us to address two different questions: (1) Given that we sum
only the first N terms of a convergent series, what is the bound on our error? (2) If we
want our error to be less than some specific value, how many terms in the series must we add?

Like the alternating series test, the integral test also comes with a remainder formula, and it
also allows us to answer both questions. Suppose we have a convergent series for which the
integral test is appropriate (i.e. for which the surrogate function f(n) = an is continuous,
positive, and decreasing on [1,∞)). Then

RN ≤
∫ ∞
N

f(x)dx

Remember that when the integral test is in play, there is an association between the value

of an infinite series
∞∑
n=1

an and the area under the function f(n) = an. This remainder

formula, then, describes that the error incurred by truncating the series after N terms is
related to the corresponding area that we are discarding.

Here is an example of this remainder formula in use. Let’s consider the use of this remainder
formula for the series

∞∑
n=1

1

n
√
n2 + 1

1. Estimate the 50th partial sum of this series.

Using Wolfram Alpha or Maple, we can find that
50∑
n=1

1

n
√
n2 + 1

≈ 1.296531282

2. What is our upper bound on the error between this 50th partial sum and the true
value of the series?

The function f(x) =
1

x
√
x2 + 1

is continuous, positive and decreasing for x > 1, so the

integral test is appropriate. Therefore, the integral test remainder formula applies,
and we have



R50 ≤
∫ ∞
50

1

x
√
x2 + 1

dx

Using Wolfram Alpha or Maple, we can see the value of the integral is approximately:

∫ ∞
50

1

x
√
x2 + 1

dx ≈ 0.01999866691

Therefore, an upper bound on our error after 50 terms is roughly 0.02.

3. How many terms do we need to sum in order to achieve accuracy of 0.001?

Here, the value of RN is given, and N itself is the unknown. So we need to solve

0.001 =

∫ ∞
N

1

x
√
x2 + 1

dx

Use Maple or Wolfram Alpha to evaluate the integral; the result will be in terms of N , and
then we have the following equation:

0.001 = sinh−1
1

N

Sure, we just got an awful function back, but we’re going to use the same computing tools to
solve that equation, so who cares! Asking Maple or Wolfram Alpha to solve that equation
for N , we get back
N = 1000
(Note that N must be an integer, so if you get back a decimal, you must choose N to be
the next integer up. For example, if we get N = 98.6, then 98 terms would not be enough
to get our accuract, so we’d choose N = 99.

Your Turn

The questions regarding this remainder formula are on the next page.



For the series ∞∑
n=1

1

n2 + 1

1. Estimate the 100th partial sum of this series.

2. Use the remainder formula to find an upper bound on the error between this result
and the true value of the series.

3. Use the remainder formula to determine how many terms you would need to be within
0.0001 of the true sum.

For the series ∞∑
n=1

4

n5

1. Estimate the 100th partial sum of this series.

2. Use the remainder formula to find an upper bound on the error between this result
and the true value of the series.

3. Use the remainder formula to determine how many terms you would need to be within
10−6 of the true sum.



Have You Learned...

• What Remainder Formulas do, in general?

• How remainders are found for alternating series?

• How remainders are found for series that can be analyzed with the integral test?

• How to use remainder formulas to ask for the number of terms you need to achieve
a desired accuracy in the value of your partial sum as compared to the true value of
the series?


